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Abstract

Was ist ein mathematischer Beweis? Ein mathematischer Bews ist ein Text,
der den Leser von der Richtigkeit einer Aussage uberzeugesoll. Diese oder eine
vergleichbare Aussage werden viele Personen, fachfremdadi Mathematiker, als
Antwort geben. Aber wie genau sieht solch ein \Beweistext" ais? Nach welchen
Regelnist er aufgebaut? Betrachtet man mathematische Bewse als eine Mischung
von natsrlicher Sprache und mathematischen Zeichen, wie ran sie in mathematis-
chen Lehrbachern und Zeitschriften ndet, so sind diese Fragen schwer zu beant-
worten. Abgesehen von solchen \normalen" Beweisen gibt esefloch noch eine
weitere Art von Beweisen: formale Beweise. Fdr diese ist ekeicht eine Antwort zu
nden: Das zugeherige Kalkul de niert, was erlaubt ist un d was nicht. Alfred
Whitehead und Bertrand Russell haben mit ihrem Werk Principia Math-
ematica [@] gezeigt, dass es theoretisch meglich ist, Mathematikein formal zu
betreiben. In den Principia Mathematica werden zwar nur die Grundlagen der
Mathematik formalisiert, jedoch kann man daraus ableiten, dass es auch far den
Rest meglich ist. Hierauf aufbauend kann man nun die zuvor gnannten \nor-
malen" Beweise als Abkdrzungen far formale Beweise betrahten. Unter dieser
Annahme ware die einzige Regel far einen \normalen" Bewe$, dass er eindeutig
in einen formalen Beweis ubersetzbar ist.

Inwieweit ist es meglich, \normale" Beweise (automatisch) in formale Be-
weise zu ubersetzen? In welchem Ausma sind solch®bersetzungen eindeutig?
Was ist die Sprache der Mathematik? Unter der Leitung von Peter Koepke
(Mathematik, Universitat Bonn) und Bernhard Schr eder (Linguistik, Univer-
sitat Duisburg-Essen) untersucht das Naproche-Projekt (NAtural language PROof
CHEcking) diese und ahnliche Fragestellungen.

Als praktische Umsetzung diesefberlegungen wird das Naproche-System, ein
Computerprogramm, das \normale" Beweise auf logische Korektheit uberprafen
soll, entwickelt. In der aktuellen Version unterteilt sich das Naproche-System in
drei Hauptmodule: Die Eingabeverarbeitung, die linguistische Verarbeitung und
die logischeUberpnsfung. Ziel dieses Diplomprojektes war die Entwickung und
Implementierung des dritten Moduls, der logischenUberpnafung.

Nach der linguistischen Verarbeitung ist ein Eingabetext n eine so genan-
nte Beweisreprasentationsstruktur (Proof Representation Structure, PRS) trans-
formiert worden. Die logische Uberpmnafung muss entscheiden, ob die dem Einga-
betext entsprechende Beweisreprasentationsstruktur Igisch korrekt ist oder nicht.
Man benetigt also ein Kalksl far Beweisreprasentation sstrukturen. Diese Diplo-
marbeit beschreibt solch ein Kalksl. Sie unterteilt sich in funf Kapitel:

Kapitel [gibt eine Einfshrung in diese Arbeit. Das Naproche Projekt wird
beschrieben und far Naproche wichtige Arbeiten werden vogestellt.

Kapitel Plbehandelt die Grundlagen der Logik erster Stufe. Zierst werden eine
Sprache erster Ordnung, sowie die dazugeherigen Terme un&ormeln de niert.
Danach wird die Semantik erkfart, und ein korrektes und vollsiandiges Sequen-
zenkalksl eingefuahrt.

In Kapitel 8lwird das Naproche-System ausfshrlicher behamlelt. Das Kapi-
tel beginnt mit der Beschreibung der groben Struktur des Napoche-Systems.
Danach wird die momentan zulassige Eingabesprache de ni¢. Eine Einfahrung
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in Diskursreprasentationstheorie (Discourse Represerdtion Theory, DRT), auf der
die Linguistik des Naproche-Systems basiert, und Diskurgprasentationsstrukturen
(Discourse Representation Structures, DRS) wird gegebenDaraufhin werden Be-
weisreprasentationsstrukturen de niert. Automatische Beweiser (Automated The-
orem Prover, ATP) und das TPTP-Projekt, welche far die logi scheUberpnsfung
der Beweisreprasentationsstrukturen benutzt werden, weden vorgestellt und ihr
Einsatz im Naproche-System erklart. Das Kapitel schliet mit dem Burali-
Forti -Paradoxon als einem Beispiel far ein nicht-triviales Theorem, das von dem
aktuellen Naproche-System vollstandig uberpnaft werd en kann, ab.

Kapitel flde niert das Naproche-Kalkal far Beweisrepra sentationsstrukturen
und zeigt dessen Vollstandigkeit und Korrektheit: Nach einigen Lemmas wird
zurachst das Formelbild (Formula Image) einer Beweisrepsentationsstruktur def-
iniert. Dies ist eine Abbildung, welche jeder Beweisrepmentationsstruktur eine
Sequenz von Formeln erster Stufe zuordnet. Danach wird dasigentliche Kalkul
in Abhangigkeit von einem vorgegebenen Kalksl P de niert. Es folgt eine Betra-
chtung des Zusammenhangs zwischen der Eingabesprache deapxbche-Systems
und Beweisreprasentationsstrukturen, bevor das neu de nerte Kalkal mit dem
Quellcode des Naproche-Systems verglichen wird. Es wird geigt, dass die Ableit-
barkeit einer Beweisreprasentationsstruktur in dem Kalksdl aquivalent dazu ist,
dass das idealisierte Naproche-System die Beweisrepragationsstruktur akzep-
tiert. Zuletzt wird die Korrektheit und Vollsiandigkeit d es Naproche-Kalksls
gezeigt. Inshesondere werden folgende Theoreme bewiesen:

Theorem. Vollstandigkeit des Naproche-Kalkusls

Ist P ein vollsandiges Kalksl, dann ist das Naproche-Kalksl vollsiandig. D.h.
falls [ ', dann ist die Be\\9/eisreprasentationsstruktur, die nur die Annahmen-
Bedingung mit der Annahme und der Folgerung' enthalt, Naproche-akzeptiert.

Theorem. Korrektheit des Naproche-Kalksls

Ist P ein korrektes Kalkal, dann ist das Naproche-Kalksl korrekt. D.h. falls A eine
Naproche-akzeptierte Beweisreprasentationsstruktur bne De nitions-Bedingungen
ist, dann ist das Formelbild FI (A) in dem Sequenzenkalksl ableitbar.

Der Beweis erfolgt durch eine doppelte Induktion uber die Tiefe der Beweis-
reprasentationsstruktur und die Anzahl ihrer Bedingungen. Im Induktionsschritt
werden die vorherigen De nitionen, das Kalksl far Beweis reprasentationsstrukturen
und deren Formelbild, zusammen mit dem Sequenzenkalkul asi Kapitel Pl benutzt.

Im letzten Kapitel werden zumachst einige Probleme des Napoche-Systems
aufgezeigt. Der Ein uss des automatischen Beweisers und d&ingabesprache wird
naher betrachtet. Danach werden megliche Verbesserungean dem aktuellen Pro-
gramm besprochen. Insbesondere werden Ideen zur Verbesseg der Benutzer-
freundlichkeit und der Beweisfahigkeit genannt. Zuletzt wird kurz die geplante
zukunftige Zusammenarbeit mit dem VeriMathDoc Projekt in Saarbmacken und
Bremen beschrieben.



Chapter 1

Introduction

Considering that mathematics has a reputation of being an eact science, it is
interesting to note that one of the main concepts of mathemaics, the mathemat-
ical proof, is somewhat vaguely de ned. What exactly is a mahematical proof?
Firstly, one can distinguish between two kinds of mathematial proofs: Formal
and informal proofs.

An informal proof is a mixture of natural language and mathematical sym-
bols. Most proofs in mathematical textbooks and journals ae informal. Informal
proofs are subjective. People may disagree about whether a&xt is an informal
proof or not.

Formal proofs are nite derivations in a calculus. They are squences of
mathematical symbols and do not contain natural language etments. Given a
calculus, there is a de nite answer of whether or not a text isa formal proof. In
the Principia Mathematica [B], Alfred Whitehead and Bertrand Russell
formally proved many theorems which were considered the foudation of mathe-
matics. Since then, most mathematicians agree that it wouldbe possible, even if
extremely tedious, to nd a formal proof for every theorem. With this in mind,
one could interpret informal proofs as abbreviations for famal proofs.

1.1 The Naproche Project

Naproche, short for NAtural language PROof CHEcking, is a pioject that was
founded by Bernhard Schr eder (Linguistics, University of Duisburg-Essen)
and Peter Koepke (Mathematical Institute, University of Bonn) to study in-
formal mathematical proofs. Among the questions we ask ourdves are: \Is it
possible to (automatically) translate an informal into a formal proof?”, \Can
such a translation be unambiguous ?", and \What is the syntax and semantics
of informal proofs?".
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As an answer to these questions, we develop the Naproche sgsh, a com-
puter program that aims to check proofs that are written in a controlled natural
language, the Naproche language, for correctness. Even thgh the Naproche
system and the Naproche language are quite new, we could aldy get some re-
sults. The Naproche language is strong enough to formulate noofs for non-trivial
theorems like the Burali-Forti paradox (See:3W), and the proof from section
B4 can be checked successfully by the Naproche system. Eweally, we hope
that the Naproche system can be used to automatically creatdranslations from
informal into formal proofs.

1.2 This Thesis

In its current version, the Naproche system is divided into three main modules:
the input module, the linguistic module, and the logic module. The goal of this
diploma project was the development and implementation of the logic module.

More speci cally, the rst two modules transform the inputt ext into a Proof
Representation Structure. The logic module must decide if he Proof Represen-
tation Structure is correct. Thus, the logic module is the implementation of a
calculus for Proof Representation Structures. This thesisdescribes the calculus
and shows its completeness and correctness.

The structure of the thesis is as follows: ChaptefR introdu@s the notions
and de nitions of rst order logic which will be used in the re mainder of the
text. The Naproche system is then described in greater detdiin chapter Bl
Chapter @ de nes the calculus for Proof Representation Striectures, and shows its
correctness and completeness. The nal chapter takes a lookt the limitations
of the concept of the Naproche system, shows some problems ish were found
during the development of the last version, and presents theplan for the near
future of Naproche.

1.3 Related Work

To the authors knowledge, there are two groups which are veryclosely related
to Naproche. The VeriMathDoc project in Saarbnicken B], B], and the SAD
team in Kyiv [Eh. They all share the concept of a controlled ratural language as
input, linguistic parsing and automated proof checking.

Claus Zinn wrote his doctoral thesis Eh] about the natural language of
mathematics, but unfortunately his ideas were not developd any further.

The probably historically most prominent representative of automated proof
veri cation is the Mizar system [L6]. It was started in 1973 by Andrzej Try-

The implementation was done between April and June 2008 by Derthe Arndt and the
author, with additional help of the trainees Bhoomija Ranjan and Shruti Gupta
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bulec , and since then an impressive library of mathematical textswritten in the
Mizar language, as well as a journal, Formalized Mathematis, in which these
articles are published, were created.

Automated theorem provers are used in the checking procesd the Naproche-
System. The best starting point for information in this area is arguably the TPTP
rllﬁmepage 3]. We should also mention the proof assistants@) ﬂa] and Isabelle

1

On the linguistic side, the Naproche system is based upon Di®urse Repre-
sentation Theory, in particular the work of Hans Kamp and Uwe Reyle ].
For our needs, we extended the original Discourse Represeaiton Theory and
de ned Proof Representation Structures. Nickolay Kolev wrote his Magister
thesis about this topic B].

Norbert Fuchs  created Attempto Controlled English [Eh, a controlled nat-
ural language which reads like normal English and has an unabiguous transla-
tion into rst order logic.






Chapter 2

Terms, Formulas and Calculi

This chapter brie y introduces the basic notions and de nit ions of rst order
logic which will be used in the remainder of this thesis. We t&e a look at the
syntax and semantics of rst order languages, and de ne a comlete and correct
sequent calculus.

If you are not already familiar with rst order logic, then yo u might want to
pick up an introductory logic book for additional and more detailed information.
This chapter is based uponEbbinghaus ' textbook [H] and Peter Koepke 's
lecture notes EIL]. Most importantly, the sequent calculusis taken from |11].

2.1 First Order Language

We give a brief recapitulation of the basic de nitions of a r st order language.

De nition 2.1.1.  Alphabet and Words over an Alphabet

An alphabet A is a non-empty set of symbols. A nite sequence of elements of
A is called a word of the alphabetA. A is de ned as the set of all words over
an alphabet A.

De nition 2.1.2.  Alphabet of a First Order Language
The alphabet of a rst order language L contains the following symbols:

Vo,V1,.. , & countably in nite number of variables
;1 ;?, logical symbols with the usual meaning
8, universal quanti er

, equality

); (, brackets
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for eachn 2 N a possibly empty set ofn-ary relation symbols
for eachn 2 N a possibly empty set ofn-ary function symbols
a possibly empty set of constant symbols

De nition 2.1.3.  Terms of a First Order Language
Let A be an alphabet of a rst order languagelL. The set of terms ofL is the
minimal subset T of A for which the following holds:

Each variable is an element ofT.
Each constant of A is an element ofT.

If ty;::;t, are elements ofT, and f is an n-ary function symbol in A, then
ft 1::t, is an element ofT.

The elements of T are calledL -terms.

De nition 2.1.4. First Order Formulas
Let A be an alphabet of a rst order languageL. The set of formulas ofL is the
minimal subset F of A for which the following holds:

? is an element ofF.
For L-terms tq;ty, (t1 ty) is an element ofF.

Let ty;::it, be L-terms and let R be an n-ary relation symbol in A. Then
Rtq::t, is an element ofF.

If * is an element ofF, then : ' is an element ofF.

If " and are elements ofF, then (" ! ) is an element of F.

If ' is an element ofF, and x is a variable, then 8x' is an element ofF.
The elements ofF are called L -formulas.

De nition 2.1.5. Variables of a Term
Let L be a rst order language. Let x be a variable ofL, ¢ be a constant ofL,
and tq;:;ty be L-terms. We de ne the function var for terms:

var(x) = fxg
var(c) = ;

var(ft 1;:th) = var(ty) [ [ var(tp)
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De nition 2.1.6. Free Variables of a Formula
Let L be a rst order language. We de ne the free variables of anL-formula

inductively:
free(?) = ;
free((ty = tp)) = var(ty) [ var(tz)
free(Rt1::ty) = var(ty) [ [ var(tn)
free(: ') = free(' )
free((" ' )= free(" ) [ free( )
free(8x' ) = free(' )nfxg

De nition 2.1.7. Substitution in a Term
Let L be a rst order language, t;u be L-terms, and x be a variable of L. We

de ne the substitution t3 of u for x recursively:
For all variablesy 6 x, y; = .

Xz = U

x|

c

¢, = cfor all constants c.

(ft 1th) 3 = ft 3ty 3 for all n-ary function symbols f .
De nition 2.1.8.  Substitution in a Formula

Let L be a rst order language,' be anlL-formula, x be a variable ofL and t be
an L-term. We de ne the substitution ' - of t for x recursively:

?:=7.

X |+

For all L-terms ty;to, (t1 t2)f =(til  tol).

For all L-termsty; :it, and n-ary relation symbolsR, (Rty:th)L = Rty Lty L.

~—

For all L-formulas , (: )i=:( &

Lol

X |+

For all L-formulas 1; 2, ( 1! 2)%:( 1
For all L-formulas , if x =y, then (8y )L =8y .

For all L-formulas , if x 6 y, then let u be a variable which does not occur
in 8y ;x andt. We dene (8y )i = 8u(( %)%).

The reader might miss the logical symbols>;”;_;$ and 9, which can often
be found in textbooks. We will use them as syntactic sugar in ar formulas.
Their use can greatly increase the readability of longer famulas.

De nition 2.1.9. Abbreviated Formulas
We de ne the abbreviations
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> for :?
" for:t !
A for: (U )

s for (! )~N(C ).

9x' for:8 x:'.

2.2 The Semantics of First Order Languages

By themselves, rst order formulas are just a special kind ofstrings of symbols,
without any particular meaning. In order to make any sense ofa formula, we
need to interpret it in a model. We de ne interpretations of rst order languages
as well as the relation= between an interpretation and a formula and between
a set of formulas and a formula.

De nition 2.2.1.  Interpretation
Let L be a rst order language. An L-interpretation is a tupel (A; ) such that

A is a non-empty set
for each n-ary relation symbol R of L, (R) is an n-ary relation on A.
for each n-ary function symbol F of L, (F) is an n-ary function on A.
for each constantc of L is (c) an element of A.
for each variablev; of L is (v;) an element of A.
We say that L is interpreted in the model A via the map
De nition 2.2.2. Let | =(A; ) be an L-interpretation.
For each variablex let | (x) = (x).
For each constantclet 1 (c) = (c).

For each n-ary function symbol f of L and terms tq; ity let | (ft 1::ity) =

(F)(1(te); =1 (tn)).

For a variable x of L and an elementa of A we de ne the L-interpretation
12=(A; 9, where qx)= aandforally6 x qy)= (y).

De nition 2.2.3.  The models relation
Letl =(A; ) beanL-interpretation, ty;::;t, beL-terms and', beL-formulas.
We de ne:
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| £ ? is always false.

Il FEt tai: 1(ty) = 1(t2).

I E Rttty ic (R)(H(to); o 1 ().
lF:"i:not | .

(=R i:not I E'",orl

| F8x" i:forall a2 Al2F".

When we consider the abbreviated formulas from de nition [ZI.9 under an
interpretation, we get the expected behaviour:

Lemma 2.2.1. LetL be a rst order language,| = (A; ) be anL-interpretation,
' beL-formulas. Then the following holds:

| E > is always true.

"~ i I " andl F
lF" _ it ITF"orlF
IlF"$ i: I ifandonlyif |

| F 9x"' i: there exists a2 A such thatl & ' .
Proof: Obvious.

De nition 2.2.4. Let L be a rst order language, let be a set of L-formulas,
| be anL-interpretation. We write |  ,if | ' forall' 2 .

De nition 2.2.5. F

Let L be a rst order language. let be a set of L-formulas, and' be anL-
formula. We say that [ ', if and only if, for all L-interpretations |, if |
thenl F'.

2.3 A Sequent Calculus

After de ning the semantics of a formula, the question of guring out whether
for a set of formulas and a formula ' holds [ ' becomes eminent. In order
to answer this, formula calculi were developed. A formula ckulus is a set of
rules which allows to form new formulas from existing formuhbs. In this section,
we introduce a calculus which is complete and correct: E ' if and only if
can be derived in the calculus. Note that the calculus de nition is taken from
Peter Koepke 's logic lecture L’I__l].

Fix a languageL for this section.
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De nition 2.3.1.  Sequents

A nite sequence of formulas h 1;:::' n;' h+11 IS called a sequent. The initial
segment of a sequenti 1;:::' ni is denoted by . We also write ' for the
sequenth 1;:' st

De nition 2.3.2. Free Variables of a Sequent
For a sequentH 1;::' ni, we de ne free(H 1; ' ni) = L free(' i).

De nition 2.3.3. A Sequent Calculus

. ) Premises _
We write down the rules of our calculus in the form——— , meaning that
Result

if we already havePremises then we can use this rule to getResult. Our sequent
calculus has the following rules:

Assumption

Monotonicity

I Introduction

I Elimination

? Introduction

2
2
? Elimination
vy
8 Introduction ——=——if y 2 free( 8x')
8x"'
- - - 8X I
8 Elimination — for all terms t.
X
Introduction —— for all terms t.

t ot
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X |+

Elimination t 0
0 t0
De nition 2.3.4. :
A sequent ' which can be created by nitely many applications of the rules in
a calculus is called derivable from that calculus. We write ~ ' if ' can be
derived from the calculus.
Remark. Assume that ~ ' . Then it can be shown that only the set of the

formulas in is relevant for the derivation. See chapter 11.3 in [11] for details.

De nition 2.3.5.  Correctness and Completeness
A calculus is called correct, if for all sequents ™ '
A calculus is called complete, if for all sequents £ ' implies

implies F ' .

N~

Theorem 2.3.1. This sequent calculus is complete and correct.

Proof. Historically, Gedel was the rst to prove the completeness
of a calculus ﬂ]. The proof for this calculus is based orndenkin 's
work [E] and can be found inKoepke 's lectures notes |L—;L|1].

We will now derive four additional rules for the sequent calalus. Derivations
in the calculus will be annotated with the line number and additional information
about the rule which was used, as well as the premises which we used for the
rule. We abbreviate Monotonicity \Mono.", Assumption \Ass ump.", Introduc-
tion \Intro.", and Elimination \Ele.". The premises of the r ule we use are written
in brackets before the name of the rule. For example, considehe following line:

AT (2,3) + ? Intro. (4)

The line number is (4). We used line (2) and (3) as premises fothe ? Introduc-
tion rule to derive the sequent :' ?.

Lemma 2.3.2. Assume that we derived :: ' in the sequent calculus. Then we
can derive ' .
Proof:
' 1)
D D Assump. (2)
D n (1) + Mono. 3)
D ? (2,3) + ? Intro. (4)
‘ (4) + ? Ele. ®)

Lemma 2.3.3. For every sequent , we can derive > in the sequent calculus.
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Proof:
? 7 Assump. D)
? ? (1) + Lemma (2)
> (2) + ? Ele. (©)

Lemma 2.3.4. Assume that we derived : (' !:
Then we can derive ' . Because we de ned *
can be rephrased to: The derivability of ' 7
the derivability of ' in the sequent calculus.

as: (" !:

Proof:

(T )

) in the sequent calculus.
), this lemma
in the sequent calculus implies

(1)

Assump.
Assump.
(2) + Mono.

(5) + Mono.
(6) + ? Ele.
(7) + ! Intro.
(1) + Mono.

(3,4) + ? Intro.

(8,9) + ? Intro.

(@)

®3)
(4)
()
(6)
(7)
(8)
9)
(10)

‘ (10) + ? Ele.

Lemma 2.3.5. Assume that we derived : (" !:
Then we can derive . Because we de ned' "
can be rephrased to: The derivability of ' »
the derivability of in the sequent calculus.

as: (" !:

(11)

) in the sequent calculus.
), this lemma
in the sequent calculus implies

Proof:
¢ ') )
Assump. (2)
ol (2) + Mono. + ! Intro. (3)
? (1,3) + ? Intro. (4
(4) + ? Ele. (5)

So we can add the following additional rules to our calculus:
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Chapter 3

The Naproche System

The Naproche system is a computer program which checks textthat are written
in a controlled natural language, the Naproche language, focorrectness. Ulti-
mately, we would like the Naproche system to be able to checkealistic natural
language mathematical texts, similar to those that can be faind in journals and
textbooks, and to provide automated translations from suchinformal into formal
proofs.

This chapter gives an overview of the general design of the ctent Naproche
system. It introduces the theories which form the foundatin of the implemen-
tation, as well as the software that is used. In sectiorl-311 wexplain the layout
of the Naproche system, in particular its division into the input module, the lin-
guistic module, and the logic module. We then take a closer lok at the linguistic
part of the Naproche system [32). The Naproche language isalned (B2Z1l), and
a brief introduction to Discourse Representation Theory isgiven 32Z2). In the
remainder of the section, we give the de nitions for Proof Reresentation Struc-
tures [32Z3) and show how they are created[[3214). SectioB.3 gives a short
introduction to automated theorem provers and the TPTP proj ect. Finally, sec-
tion B4l shows a proof of theBurali-Forti paradox, written in the Naproche
language, as an example for a mathematical text which can behecked by the
Naproche system.

We abbreviate automated theorem prover with ATP, Discourse Representa-
tion Theory with DRT, Discourse Representation Structure with DRS, and Proof
Representation Structure with PRS.
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Texmacs

Check Results

Figure 3.1: The structure of the Naproche system

3.1 An Overview

The rst version of the Naproche system was written by Peter Koepke . The

input text was not processed linguistically, and an internd calculus was used for
the veri cation of proof steps. Because of the obvious limiations, the Naproche
system was redesigned in 2007.

In its current version, the Naproche system is devised as a pbin for the
WYSIWYG editor Texmacs [4]. If one wants to check a text with t he Naproche
system, one simply has to press the appropriate button. The nput then gets
processed by Naproche, givindgProof Accepted or Proof NOT accepted as output.

The program consists of three modules: Firstly, the input malule which
creates an XML le from the Texmacs input and reports the result of the check
back to the user. Secondly, the linguistic module which take such an XML le
and produces the corresponding PRS. Thirdly, the logic modie which checks the
PRS for correctness. Figurd_31lL gives a graphical represeatton of the structure
of the Naproche system.

We will now consider the current versions of the modules in geater detail:

The input module: Michael Klein  wrote the rst version of this mod-
ule. Since then it has been extended byrriedemann Koepke and Nickolay
Kolev . The translation process creates an XML le, which containsthe original
input annotated with unique labels for each sentenceBB]. Tis XML le is fur-
ther processed by the rest of the Naproche system, and the rek is reported as
either Proof Accepted or Proof NOT accepted Internally, the Naproche system
already produces a much more informative output, making it easy to understand
what is going on underneath, and potentially giving a much bdter feedback,
especially in the case that a proof cannot be checked by the Nmoche system.

Under the supervision of Gregor B echel from the Cologne University of
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Applied Sciences,Sebastian Zittermann is working on a better Texmacs in-
teraction, so that in future versions we can have more infornation in the XML
le, and a more detailed report of the checking process.

The linguistic module: Nickolay Kolev  's Magister project B] was to de-
vise and implement this module. The de nitions of a PRS are gven in[32Z3, and
the constructions algorithm is explained by example in[324l.

The logic module was implemented by the author with additional help from
Derthe Arndt , Bhoomija Ranjan  and Shruti Gupta . The PRS is, step by
step, translated into rst order logic, and, if necessary, decked by an ATP. The
details of the algorithm are described in chapte#. For the nteraction with the
ATP, we use software from the TPTP project, which is describad in B3.

Note that the output Proof NOT accepted does not imply that the proof is
wrong! It only means that Naproche was not able to verify at least one step in
the proof.

3.2 The Linguistics of the Naproche System

The linguistic challenge of the Naproche system is to teachtte computer how
to \understand" the input text. Computer linguistics has se veral approaches
for this problem. We chose one of these, Discourse Represation Theory, as
linguistic framework for the Naproche system. Discourse Rgresentation Theory
o ers Discourse Representation Structures as a method to exact the meaning
of a text. Since mathematical texts have several peculiaries in comparison to
natural language texts, we had to change this approach a bitand, as a result,
developed Proof Representation Structures [13].

We will rst de ne the controlled natural language which the Naproche system
currently accepts. Then, we take a look at Discourse Represgation Theory and
Discourse Representation Structures, and lastly we explai Proof Representation
Structures as they are used in the Naproche system.

Hans Kamp developed DRT and DRS. The bookFrom Discourse to Logic
that he wrote together with Uwe Reyle gives a good and thorough introduction.
Note that, even though Zinn @] also uses the notion of a PRS, and has similar
ideas, his de nition of a PRS is not the one we will use in the squel.

For the rest of the chapter, we usediscourse synonymously with text.

3.2.1 The Naproche Language

The Naproche language is the controlled natural language wikh can be parsed
and processed by the current Naproche system. It was desigdeio handle the
peculiarities of mathematical texts and even though it is sill a very limited
language, it is interesting to note that texts, which are written with these limited
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means, do already look quite similar to real mathematical text. We will see an
example for this in section[334.

In the future, we would like to expand the Naproche language.At best, we
would like the Naproche language to be so natural and expregsge, that one can
write Naproche texts which a human reader cannot distingui$ from a natural
language mathematical text. The original de nition of the N aproche language
can be found in EIB].

De nition 3.2.1.  The Naproche Language
The current version of the Naproche language consists of

Structure markers
Theorem, Lemma, Proof, Qed

Statements
statement --> (statement_trigger), sub-statement.

Where statement trigger is either empty or one of the following: then, hence
recall that, but, in particular , observe that together we haveand so.

De nitions

define --> "define", sub-statement, "if and only if",
sub-statement.
define --> "define", sub-statement, "iff

, Sub-statement
Assumptions
assumption --> (assumption_trigger), sub-statement.

Where assumptiontrigger is one of the following: let, consider, assume that
and assume for a contradiction that

Assumption closing
assumption-close --> "thus", sub-statement.
Quanti cation and implies

gquantification --> "for all", variable, ",",
sub-statement.

gquantification --> "there is an", variable, "such that",
sub-statement.

implication --> sub-statement, "implies”, sub-statement
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Negation
negation --> "not", sub-statement.

In all these cases,sub-statementis a formula that is created from a xed
underlying rst order language, and variable is a variable from the same language.
The complete grammar of the current Naproche language in Baais-Naur Form
can be found in appendix[@, and the rst order language which & used in the
Naproche system is de ned in appendix1B.

3.2.2 Discourse Representation Theory and
Discourse Representation Structures

What exactly is Discourse Representation Theory?

DRT o ers a natural architecture for thinking about the way i nforma-
tion is accumulated in the course of discourse processing:seentially
it allows us to draw pictures of the changing context.| [1]

The main idea behind DRT is to see a discourse in its context. Br example, when
we consider the sentenc&She ate the cake', then, in order to gure out who is

meant with she we have to look at the information in the sentences precedig
this sentence. The entities which we encountered in the textso far are part of
the context. They are also called discourse referents. BasiDRT stops here, but
there are modi cations where the meaning of context is extened. For example
the tense in which the text is written could be part of the context.

In DRT, the discourse is processed incrementally. Each seence is rst inter-
preted in the context so far and then the context gets updatedaccording to the
content of the processed sentence.

We will present the simplest version of a DRS, in which contex only means
accessible discourse referents, by giving the basic de rdns, taken from ﬂ], as
well as two small examples.

De nition 3.2.2. DRS and DRS conditions

Let L be a rst order language. We de ne DRSs and DRS conditions by a
simultaneous recursion. Letxs;:::; X, be variables of L (also called discourse
referents), and 1;::: m be DRS conditions, thenD = (hxq; 5 Xpi;h 15 mi)is
a DRS. DRS conditions are de ned as follows:

If R is an n-ary relation symbol of L, and tq;:::;t, are terms of L, then
R(ty;:::;ty) is a condition.

If t1;t, are terms ofL, thent; t, is a condition.

If B is a DRS, then: B is a condition.



20 CHAPTER 3. THE NAPROCHE SYSTEM

If B; and B, are DRS, thenB1 _ B> is a condition.
If By and B, are DRS, thenB1) B> is a condition.
Nothing else is a condition.

Let R be an n-ary relation symbol of L, and ty;::;;t, be terms of L, then a
DRS condition of the form R(ty;:::;tn) is called a relation condition, and a DRS
condition of the form t; t, is called an equivalence condition.

There is also a graphical representation of a DRS, which is, ke to readability,
more commonly used. Inthe graphical notation, a DRSD = (hxq;::;Xni;h 150 mi)
is written as:

X1, Xn

n

To keep track of the context of a DRS, we de ne accessibility. Roughly
speaking, everything which is accessible from a DRS is partfahe context of
that DRS.

De nition 3.2.3.  Accessibility
A DRS B is accessibly from a DRSC if, and only if, B = C or B subordinates
C.

De nition 3.2.4. Subordinates

A DRS B subordinates a DRSC if, and only if B immediately subordinates
C, or if there is some DRSD such that B immediately subordinates D and D
subordinatesC.

De nition 3.2.5. Immediately subordinates
A DRS B immediately subordinates a DRSC if, and only if

B contains a condition of the form: C.

B contains a condition of the form C _ D or D _ C for some DRSD.
B contains a condition of the formC ) D for some DRSD.

B ) C is a condition in some DRSD.

When we consider the graphical representation of a DRS, thibasically means
that every piece of information which stands above, or on theleft, of a DRS D
is accessible fromD.
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We will now consider a few examples, namely we will take a lookat two
discourses and show their corresponding DRS. If you are intested in the details,
chapter 1 from H] gives a good introduction.

Example 3.2.1. The sentence\Peter is big." has the corresponding DRS:

| |
x PETER
BIG (X)

Example 3.2.2. The discourse\Peter is big. He lives in New York." has the
corresponding DRS:

| xy;2

x PETER

BIG (x)

y NEW Y ORK
LIVE (z;y)

X z

This example shows how accessibility is used for pronoun rekition. In order to
gure out who is meant by the pronoun \he" in the second sentence, we consider
the discourse referents which are accessible in the curref®RS. In this simple
example, the only accessible discourse referent we have xs Therefore, \he"
must refer to x and we can addx  z to our conditions.

Now, x is also the only discourse referent which is available at thiapoint, so
one might wonder if accessibility is really necessary. Image a bigger text where
we talk about two men, Peter and Paul. If in such a text the pronoun \he"
appears, it is not be obvious to whom it refers to. In this a cag, accessibility
helps, because it restricts the available discourse refengs.

The Semantic of DRS

Having de ned DRS, we can now interpret DRS in di erent models. We de ne
the truth of a DRS with respect to an interpretation. For addi tional reading,
take a look at @].

De nition 3.2.6.  Assignments and partial Interpretations

Let L be a rst order language. A partial L-interpretation is a tupel (A; ) such
that

A is a non-empty set

for each n-ary relation symbol R of L, (R) is an n-ary relation on A.
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for each n-ary function symbol F of L, (F) is an n-ary function on A.
for each constantc of L is (c) an element of A.

Given a partial L-interpretation ( A; ), an assignmentf is a map from a subset
of the variables ofL to A.

De nition 3.2.7. Let (A; ) be a partial L-interpretation and f be an assign-
ment. Then we de ne the map :

For each constantclet :(c)= (c)
For each variable x for which f (x) is de ned let ¢ (x) = f (x)

For each n-ary function symbol g of L and L-terms ty; :::it, which only con-
tain variables for which f isde ned, let ¢ (gty;::5th) = (F)( ¢ (t);: ¢ (th))-

De nition 3.2.8. Let D be a DRS, andL be the underlying rst order language.
Let | = (A; ) be a partial L-interpretation. An assignment f veries D if there
is an assignmentf ®which extendsf , and has the following property:

f 9is de ned for all discourse referents ofD, and for all variables which
occur in relation or equivalence conditions ofD.

If R(tq;:::ty) is a DRS condition in D, then (R)(f At1);::::f qtn)).
If t1 tyis a DRS condition in D, then ¢o(t1) = ¢o(ty).

If : B is a DRS condition in D, then there is no assignmentg which agrees
with f % on all variables that are not discourse referents o8, such that g
veries B.

If By B, is a DRS condition in D, then there is an assignmentg which
extends f %such that g veries B4 or g ver es Bo.

If By) By isaDRS condition in D, then every assignmentg which agrees
with f%on all variables that are not discourse referents oB; and veri es
B also veri es Bo.

The PRS D is called true under| if the empty assignment veries D.

3.2.3 Proof Representation Structures

PRSs are a special type of DRS. The di erence lies in the de niion of the context

of a sentence. For a PRS, we consider the context of a sententtebe the accessible
discourse referents, the mathematical formulas we are talkg about, references
to other parts of the discourse, and the premises which are dive.
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We will give the basic de nitions for PRSs, based uponKolev 's B] Magister
thesis. The de nition of PRSs and PRS conditions is done via snultaneous
recursion:

De nition 3.2.9. Proof Representation Structures
Let L be a rst order language. A PRS is a quintuple hd; D;M; C;R i, where

id is a unique string.
D is a set of discourse referents.
M is a set of mathematical referents.
C is a nite sequence of PRS conditions.
R is a set of textual references.
and every element ofM is either a term or a formula of L.

De nition 3.2.10. PRS condition
Let A;B be PRSs. Then

holds(X) is a PRS condition, whereX 2 D.

math _id(X;Y ) is a PRS condition, whereX 2 D is a discourse referent and
Y 2 M is a mathematical referent.

A is a PRS condition.

: A is a PRS condition, representing a negation.

A := B is a PRS condition, representing a de nition.

A'! B is a PRS condition, representing an implication or quanti cation.
A =>B is a PRS condition, representing an assumption.

contradiction is a PRS condition, representing a contradiction.

PRS conditions of the form A := B are calledde nition conditions, conditions of
the form A'! B are calledimplication or quanti cation conditions, a condition
of the form A => B is also called aassumption condition, and a condition of the
form contradiction is called acontradiction condition.

Remark. The rst order language for PRSs which we use in the Naprocheystem
is de ned in the math lexicon which can be found in appendix[B.
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De nition 3.2.11. Structure and non-structure PRS

We distinguish between structure and non-structure PRS. A gructure PRS is
created when the word\Theorem" or \Lemma" is parsed in the input text. The
id of a structure PRS starts with theorem/lemma and ends with a unique number.
A structure PRS has exactly two conditions. Both of them are PRSs. The rst
PRS is called the goal, the second the body of the structure PB. The idea is
that the statement of, for example, a theorem is stored in thegoal condition,
while the proof of the theorem is stored in the body.

Every PRS which does not stem from the word\Theorem" or \Lemma" , and
therefore does not have a theorem/lemma id, is called a nontsicture PRS. If
a structure PRS stems from the word\Lemma" , it is also called alemma PRS.
Analogously, if it stems from the word \Theorem" , then we call it a theorem PRS.

De nition 3.2.12. Empty PRS
Every PRS with no conditions is called empty. Analogously, every PRS with at
least one conditions is callednon-empty.

De nition 3.2.13.  The depthd of a PRS

Again, we use simultaneous recursion. LetX be a discourse referentY be a
mathematical referent, B,C be PRSs, and letB have conditions 1;::; m. We
de ne the depth of a PRS recursively. Every empty PRSE has depthd(E) = 0. A

1. The depth of a condition is de ned as follows:

d(holds(X )) = 0
d(math_id(X;Y )) =0
d(B)=0if B is empty.

d(: B) = d(B)

d(B := C) = max(d(B);d(C))
d(B ! C)= max(d(B);d(C))
d(B =>C) = max(d(B);d(C))
d(contradiction ) = 0

De nition 3.2.14.  Accessibility
A PRS B is accessibly from a PRSC if, and only if B = C or B subordinatesC.
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De nition 3.2.15. Subordinates

A PRS B subordinates a PRSC if, and only if B immediately subordinates
C, or if there is some PRSD such that B immediately subordinates D and D
subordinatesC.

De nition 3.2.16. Immediately subordinates
Let A be a PRS. A PRSB immediately subordinates a PRSC if, and only if

B contains a condition of the form C.

B contains a condition of the form: C.

A has conditions 1;:: h,andB = jandC = ; forsomel i<j n.
B contains a condition of the form C := D or D := C for some PRSD.
B contains a condition of the formC! D orD ! C for some PRSD.
B contains a condition of the formC) D orD ) C for some PRSD.
B := C is a condition in A.

B! C is a condition in A.

B ) C is a condition in A.

De nition 3.2.17.  The graphical representation of a PRS
When we see PRSs only as quintuples, working with them beconseextremely
tedious. In order to make it simpler, we developed a graphicknotation for PRS,
similar to the graphical notation for DRS.

The graphical notation of a PRSP = hd;D;M;C; R i with id i, discourse ref-
erentsdy; ::;; dy, mathematical referentsmy; ::my, conditions c;;:::; ¢ and textual
referentsrq;:irp can be seen in gure[3P.

i
Drefs: d 1,..., dn
Mrefs: m1,..., m k
Conds: c 1
cl
Rrefs: r 1,..., rp
Figure 3.2: The graphical notation of a PRS P = hid;D;M;C;R i with id i, discourse referents di;::;dn,

mathematical referents  my;::m ., conditions cy;:::; ¢ and textual referents  rq;:rp

Note that in the graphical notation we use! for assumption conditions, and
== > for implication conditions
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The Semantic of PRS

In section[42 we de ne theformula image of a PRS, which maps a PRS to a set
of sequences of rst order formulas. This map gives an implit de nition of the
PRS semantic.

The explicit de nition is beyond the scope of this thesis, ard will be covered
in an separate article.

3.2.4 From Discourse to PRS

Having de ned the Naproche language and PRSs, we will now ta& a look at
the relation between them. We will show by example how the Napoche system
transforms a text into a PRS. The explicit algorithm can be found in [|E].

Our example is a short theorem from basic set theory which stees that the
empty set is an ordinal:

Assume that :9y y 2 ;. Assume that for all x, : x 2 x. Dene
Trans(x) i 8u8v((u2 Vv)™*(v2x)! (u2x). Dene Ord(x) i
Trans (xX) * (8y((y 2 x) ! Trans (y))).

Theorem. Ord (;).

Proof. Consideru 2 v andv 2 ;. Assume that: Trans(;). Then
9x(x 2 ;). Contradiction. Thus Trans(;). Assume that : Trans(v).
Then 9x(x 2 ;). Contradiction. Thus Trans(v). Thus Ord(;). Qed.

This text is completely written in the Naproche language and can therefore
be parsed by the Naproche system. In the following, we abbreate discourse
referent as Dref, and mathematical referent as Mref.

Like most DRS construction algorithms, and arguably human understanding,
the PRS building process is incremental. We process one samice after the
other, interpreting and updating the context in each step. At the beginning of
the parsing, there is no context, so we start with the empty PRS, as can be seen
in gure 831

Figure 3.3: The Ord (;) Example 1

The rst sentence is an assumption:

Assume that:9yy2;.
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A new assumption condition is added to the PRS. It has the formA =>B
where A and B are also PRSs. The formula we assume to be true is written
in the left-hand side PRS A of the assumption condition, and everything which
is stated under this assumption is stored in the right-hand sde PRS B of the
assumption condition.

In our case, the formulais:9 yy 2 ; . Internally, the Naproche system uses a
di erent notation which will be introduced in 3331 In this no tation, the formula
becomes (?[y] : (in(y;emptyset)). The Naproche system notices that there
is a new entity in our discourse, namely this formula. Therebre, a new Dref is
created. Since the entity is a formula we also get a new Mref. fiey are connected
by a math_id condition. Finally, the Naproche system also adds @olds condition,
to state that it considers this formula to be true. The corresponding PRS can be
seen in gure[334.

Figure 3.4: The Ord (;) Example 2

Until we close the assumption by a\Thus" sentence, the contruction will
proceed in the right-hand side PRS of theassumption condition. Next in our
discourse is another assumption:

Assume that for all x, : x 2 x.

The Naproche system creates a nevassumption condition. This time, our
formula is for all x, : x 2 X, which is not pure rst order, but natural language
mixed with rst order. This formula gets stored as a quanti cation condition,
which has the form A ! B for PRSs A and B, in the left-hand side PRS of
the assumption condition. The Naproche system creates a newjuanti cation
condition where x, the variable we quantify over, is stored in the the left-hard
side PRSA of the quanti cation condition. The formula : x 2 X is saved in the
right-hand side PRS B of the quanti cation condition. In the left-hand side PRS,
X gets a discourse referent, and is saved as a Mref. Singeis only a variable, we
do not have aholds condition. In the right-hand side PRS of the quanti cation

Remember that in the graphical notation we use ! for assumption conditions, and == >
for implication and quanti cation conditions
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condition, we only have one new Dref, but two Mrefs. The Mrefsare our formula,

. X 2 X, and the free variable in the formula, x. Now, x is already known and
accessible, and therefore does not get a new Dref. The forrmauis treated exactly

as we saw in the last assumption. The corresponding PRS for ayparsed discourse
can be seen in gure 3.5.

Figure 3.5: The Ord (;) Example 3

Because we parsed another assumption, the construction Wiproceed in the
right-hand side PRS of the newly addedassumption condition. Next, we have
two de nitions:

Dene Trans(x)i 8u8v((u2v)™ (v2x)! (u2x).
Dene Ord(x) i Trans(x)”™ (8y((y 2 x) ! Trans(y))).

For each of them, ade nition condition is created. We will consider the
Trans (x) de nition in detail.

On the left-hand side PRS of thede nition condition is the new entity which
we want to de ne, Trans(x). We have two new Drefs, and two Mrefs. The free
variable x is treated as a new discourse referent because thewe encountered
before it not accessibly. math_id conditions connect the Mrefs to the Drefs, and
we have aholds condition for the formula.

The right-hand side PRS contains the formula 8u8v((u 2 v) * (v 2 x)) !
(u 2 x). Our Mrefs are the formula itself, and its free variable, x. x does not get
a new discourse referent as we already have an accessibly Again, we have a
math_id and a holds statement for the formula.

The Ord(x) de nition is treated analogously. Figure 3.6 shows the nevy
added de nition conditions.

Note that we are still working within the right-hand side PRS of the second
assumption condition.

The next sentence is simply \Theorem.". This is a structure marker in the
Naproche language. For now, it just creates a new empty PRS asondition , a
theorem PRS. The updated PRS can be seen in gure 3.7.
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Figure 3.6: The Ord (;) Example 4

Figure 3.7: The Ord (;) Example 5

The PRS construction proceeds within thetheorem PRS.

The statement of our theorem is simply a formula, Ord(;). The Naproche
system creates a new PRS as condition in théheorem PRS. In this new PRS,
the statement, or goal, of the theorem is stored, and therefee the PRS is called
the goal condition of the theorem PRS. (Figure 3.8).

The sentence \Proof." lets the Naproche system close thgoal condition, and
start the second PRS in ourtheorem PRS which is called thebody condition. The
body condition will store the proof of the theorem. Figure 3.9 shavs the updated
PRS.

We now consider the rst part of the proof:

Consideru 2 vandv 2 ;. Assume that: Trans(;). Then 9x(x 2 ;).
Contradiction. Thus Trans(;).

We start with an assumption, \Consider u 2 vandv 2 ; ". The corresponding
PRS has four new Drefs, two for the formulas , and two for the fee variablesu
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Figure 3.8: The Ord (;) Example 6

and v. Note that ; does not get a Dref because it is a constant.

The second assumption brings nothing new. The \Then ..." setence creates
a new condition which is a PRS. In this PRS, the formula after the \Then"
is stored. The \Contradiction." sentence becomes a PRS witha contradiction
condition.

The nal sentence of this part, \Thus Trans(;)." closes the last assumption,
namely \Assume that : Trans(;).". The formula after \Thus" is treated as usual.

The body of the theorem PRS can be seen in gure 3.10.

We only have a few sentences left to parse:

Assume that : Trans(v). Then 9x(x 2 ;). Contradiction. Thus
Trans (v). Thus Ord(;). Qed.

The remainder of the proof brings only one novelty, the \Qed." sentence.
\Qed." is a marker which lets the Naproche system close all asumptions which
were opened in thebody condition, the body condition itself, and also the theorem
PRS. If there were any more sentences, then the constructiomvould proceed in
the PRS which has thetheorem PRS as condition. So, the sentence \Qed." is
similar to a \Thus" sentence. \Thus" closes the last assumption, and \Qed."
closes atheorem PRS. Figure 3.11 shows the completegheorem PRS.
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Figure 3.9: The Ord (;) Example 7

Figure 3.10: The Ord (;) Example 8
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Figure 3.11: The Ord (;) Example 9

Finally, gure 3.12 shows the complete PRS for the proof ofOrd (;).



3.2. THE LINGUISTICS OF THE NAPROCHE SYSTEM

33

Figure 3.12: The PRS for the proof of Ord (;).
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3.3 Automated Theorem Provers and TPTP

The idea that computers could be used to check, or even gendm® proofs goes
back to the 1960s.John McCarthy 's paper from 1963 [17] talks about\proof
procedures and proof checking procedures"

. computers can be used to carry out the algorithms that ardeing
devised to generate proofs of sentences in various formal sgms. [17]

The Mizar project was started in 1973, and even the idea for tle SAD pro-
gram goes back to around 1970 [22].

By the end of the 20th century, several Automated Theorem Praers existed.
Naturally, scientists were interested in comparing them. h order to do that, one
rst needs test cases. In [27],Geoff Sutcliffe brought up the idea of the
TPTP (Thousands of Problems for Theorem Provers) Problem Lbrary.

The TPTP (Thousands of Problems for Theorem Provers) Problen
Library is a library of test problems for automated theorem poving
(ATP) systems. [23]

and further,

The principal motivation for the TPTP is to support the testi ng and
evaluation of ATP systems, to help ensure that performanceesults
accurately re ect the capabilities of the ATP system being onsidered.
A common library of problems is necessary for meaningful sysm
evaluations, meaningful system comparisons, repeatahji of testing,
and the production of statistically signi cant results. The TPTP is
such a library. [23]

In 1996 [28], the rst ATP system competition was devised, ard it was held in
1997 [26]. The TPTP library comes with its own syntax for writing down prob-
lems. The current version can be found on the TPTP homepage . Over the
years, several programs, which deal with TPTP in one form or aother, have been
developed. One program, which is of particular interest forthe Naproche system,
is SystemsOnTPTP [24]. It translates problems, written in TPTP Syntax, into

the input format of the desired ATP, for example OTTER or Vamp ire. This
means, that if you have a problem in TPTP Syntax, you can run it on several
di erent provers, using this program.

TPTP and Naproche

In the Naproche system, we want to check mathematical texts With ATPs. The
TPTP Syntax, in combination with SystemsOnTPTP [24] makes us independent
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from speci ¢ provers. We can use di erent provers without having to worry about
di erent input formats. Furthermore, it allows us to compar e di erent provers
easily and see which one is best suited for our e orts. Once wstart writing in,
or translating into, the Naproche language, this would alsobe a source of new
problems for the TPTP library.

3.3.1 The TPTP Syntax

We will give a quick overview of the part of the TPTP Syntax whi ch is used in
the Naproche system. If you are interested in the original denition, take a look
at [29].

A rst order formula in TPTP has the following form:

fof (mamei ; Hformula_rolei ; fof_formulaihannotationsi):

Here, mamei is a string. Usually, we use a number fornamei. The combination
(hnamei ; formula_rolei) must be unique.

Hormula_rolei de nes the role of the formula. In the Naproche system, we
only allow two values here: axiom for formulas which we do not want to prove,
and conjecture for formulas we want to prove.

Hof_formulai is the actual rst order formula, written in the TPTP syntax
which will be de ned later in this section.

hannotationsi is used for additional information. In the Naproche system,we
do not use this eld.

Before we go on, and explainfof_formulai, let's look at an actual Naproche
TPTP obligation:

Example 3.3.1. Naproche TPTP Query

fof(1, axiom, ~(?[Vy]:(in(Vy,vemptyset)))).

fof(2, axiom, '[VX]:(~(in(VX,VX)))).

fof(3, axiom, !'[VX]:((trans(VX))<=>([Vu]:.(![VV]:
(((in(Vu,Vv))&(in(Vv,Vx)))=>(in(Vu,Vx)))))))-

fof(4, axiom, !'[VX]:((ord(Vx))<=>((trans(VX))&(![Vy]:
((in(Vy,Vx))=>(trans(Vy)))))))-

fof(5, axiom, in(vv,vemptyset)).

fof(6, axiom, in(vu,wv)).

fof(7, axiom, ~(trans(vemptyset))).

fof(1, conjecture, ?[VX]:(in(Vx,vemptyset))).

The Naproche system asks the prover whether it can prove coegture 1 from
the axiom 1-7.
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Formulas in TPTP

The TPTP language for formulas has the usual logical connedves:  for nega-
tion, & for conjunction, j for disjunction, = > for implication and <=> for equiv-
alence. Quanti ers are !, for universal quanti cation, and ?, for existential quan-
ti cation.

Each string starting with an upper case letter is a variable. Strings starting
with a lower case letter are either constants or relations. Rlations are followed by
brackets, which contain variables, constants or other reléions. Round brackets
have their usual meaning, square brackets are used with quéirers to denote the
variables which are bound by the quanti er. For an example, let us consider the
second axiom from the example Naproche TPTP query:

fof (2; axiom; [V X]: ( (in(VX;VX)))):

The formula here is IV x] : ( (in(VX;V x))). Substituting the TPTP symbols
with our normal symbols gives8[V x] : (: (in(V x;V x))). Now, in is the predicate
we use for2, and V is the letter the Naproche system attaches to bound variabls.
So, further simpli cation leads to 8x;: x 2 X, the foundation axiom.

Free and bound variables in TPTP and the Naproche system

In natural language mathematics, free and bound variables & usually not specif-
ically marked or distinguished. In TPTP syntax, however, every variable must
be bound! Consequently, we can have no free variables in a fowula which is
written in TPTP syntax. Further, variables must start with a capital letter in
TPTP, whereas in natural language, they have no restrictiors.

The Naproche system deals with this as follows. When it trantates a Naproche
formula into a TPTP formula it rst uses the algorithm, descr ibed in 2.1.6, to
calculate the free and bound variables. Then, a lower case is attached to each
free variable and to each constant, and an upper cas® is attached to each
bound variable. So, free variables in Naproche formulas artreated as constants
in TPTP. As an example, consider the conjecture of the examp query:

?VX]: (in(V x; vemptyset))

In our rst order logic, this formula reads: 9x;x 2 ;. The bound variable x be-
cameVx in the TPTP translation, and the constant emptyset becamevemptyset
to ensure that it is treated as a constant by the ATP.

3.4 An Example: The Burali-Forti Paradox

In 1897, Burali-Forti discovered that the class of all ordinals is not a set [2].
Together with Russell 's antinomy [9], these two theorems are prominent exam-
ples of why in modern set theory one distinguishes classes drsets. Di culties
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like these lead mathematicians to abandonFrege 's set theory, and to develop
and use ZFC.

We can formulate the Burali-Forti paradox in the Naproche language by
using von Neumann 's de nition of ordinals in the proof. Once it is stated in the
Naproche language, the Naproche system can successfullyetk it. We present
the Burali-Forti paradox in the Naproche language:

Assume that:9 y (y 2 ;).

Assume that 8x (: x 2 X).

De ne Trans(x) if, and only if 8u;v((u2 v)* (v2 x))! (u2 x)).
De ne Ord(x) if, and only if Trans(x) ™ (8y(y 2 x) ! Trans(y)).

Theorem.
ord(;).

Proof.

Consideru2 vandv?2 ;.
Assume that : Trans(;).
Then 9x(x 2 ;).
Contradiction.

Thus Trans (; ).

Assume that : Trans (v).
Then 9x(x 2 ;).
Contradiction.

Thus Trans (v).

Thus Ord (;).

Qed.

Theorem.
For all x;y x 2 y”™ Ord(y) implies Ord (x).

Proof.

Considerx 2 y and Ord (y).
Then 8x((x 2 y) ! Trans(x)).
Hence Trans (X).

Assume thatu 2 x.

Thenu 2.

HenceTrans (u).

Thus Ord (x).

Qed.

Theorem.
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For all x;: (8u(u2 x)$ Ord(u)).

Proof.
Assume for a contradiction that there is anx such that 8u((u 2 x) $
Ord (u)).

Lemma.

Ord (x)

Proof.
Letu2vandv?2x.
Then Ord (V).
HenceOrd (u).
So,u 2 X.
Thus Trans (x).
Let v 2 X.
Then Ord (v).
So Trans (V).
Thus Ord (x).

Qed.

Then x 2 x.
Contradiction.

Qed.

A Naproche text needs to be self-containing which means thateverything
which is used in the text must be de ned in it. Therefore, we nesd the assump-
tions and de nitions. The two theorems which are proven befae Burali-Forti  's
paradox are stated to make the task easier for the ATP. We cou skip them, and
only write down the proof of the main theorem, but this would either increase the
time needed to check the text, or even render the Naproche sy@m completely
unable to do so.

If you like to have more details on how Naproche checks this tet, take a look
at [14]. This example is covered there in great detail.
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Chapter 4

The Naproche Calculus

In this chapter, we de ne our calculus for Proof Representaion Structures. We
take a look at the relation between the Naproche language andhe calculus,
as well as the relation between the calculus and the actual socecode of the
Naproche system. In the last section, we show its soundnessid completeness
under certain conditions.

Note that the notion of a calculus might be a bit misleading. The calculus
we are going to introduce is not purely on PRS level, like for gample the DRS
calculus in [30], but rather a mixture of PRS and rst order arguments. We
decided to use the word calculus nonetheless, because the ptache calculus
provides a set of rules which allow to create certain objectsPRSs, and such
derived objects are ‘correct' in a certain sense. In this asect, the Naproche
calculus is similar to other calculi.

4.1 Preliminaries

Before we de ne the calculus, we need some preliminary de nions and lemmas.
Note that easy formal proofs in the sequent calculus are not anotated in this
chapter.

De nition 4.1.1. Let A,B be sets. ThenA B is de ned as
A B=fxjx2A"x2Bg

De nition 4.1.2. For a sequenth 1;:::;' i we de ne

and
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V
In the special case of the empty sequenge, we sethi = > and :hi = hi. We also

use the more common notation for the operator: Let ' 1;:::;' n be formulas.
We de ne:
M
it g
i=1
For two sequentsh 1;:::;" ni and h 1;::; mi we de ne
o on ni+hogy nil =0 gus a0 al
Let 1;:; n besequents. Then we dene ;] ;= hiand
M M1
i = it n
i=1 i=1
De nition 4.1.3. Let and = h ;i ni be sequents. We dene =~ geq f,
andonly if forall1 i n holds
+ hjj1 j i it
Lemma 4.1.1. Let " geqha;i i, then © jforalll i n.

Proof: By induction over the length n of the sequence. Fon =1 the
lemma is obvious. So letn > 1 and assume the result is true for all

m < n. By de nition, “seq N1y niimplies  Tgeqh 1 o ad.
Using the induction hypothesis, we get = jforalll i n 1.
It remains to show, that ~ . We use the de nition of "~ s¢q and
calculate:

+ hijjl1 i n 21 41

+ hijj1 i n 2 |

So, we shortened the sequence which we had to add to by one: We

concluded +hij1 i n 210 pfrom+ h;jjl i n 1~ .
Iterated application of this argument gives us =~ . ged
Lemma 4.1.2. lLet ~ jforalll i n,then " geqh ;i ni.

Proof: Follows directly from the monotonicity rule. ged
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Lemma 4.1.3. Let ; and = Hh q;:;" ni be sequents and+ “seq - Then
N
h seq h I ' i J 1 I nl
Proof. First note that by lemma 4.1.1 we get that + V i for all
1 i n.Bylemma4.1.2,itis enough to show, that ° Iy,
forall 1 | n. Let = hq; mi. We show that + T
implies I ', by induction on m. For m = 1, the statement
is obvious:
1 ' i
1! ' i
uow let m > 1 and assume that + h 1,:::; (> " implies
= ! i forall [<m. Let + hl,:"; ml " i. Using th\e/ induc-
tion hypothe5|s, we get + hqi’ j=2 j! . Setting = jm=2 i
1,and' ="' we can calculate:
L 1)
) I Intro. (2)
o ) (L ) Assump. (€)
o ) (3) + Lemma 2.3.4 (4)
(! ) ) (2) + Mono. (5)
(! ) I (4,5) + ! Ele. (6)
(0 ) (3) + Lemma 2.3.5 (7)
() ) ' (6,7) + ! Ele. (8)
() ) (8) + ! Intro. 9
. Vi N
§|nce: ('t Hy= n~ j=1 j,» we can conclude that
s
ged
Lemma 4.1.4. Let ; ; be sequents and "sq , *+ “seq - Then
’ seq
Proof: Let = hij1 i niand = Hjjl1 | mi. By
Lemma 4.1.1, we get that ~  forall 1 i n. We show that
“'jforalll j  m. Fixaj andassumethat "~ ' forall I<j .

We calculate:
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Loy s jol j

L G G D B

Iterated application of the ! eliminations rule and the induction

hypothesis gives ~ ';. Hence, = ' forall1 j m. But
by lemma 4.1.2, this implies ~ geq . ged

4.2 A Calculus for PRSs

In order to de ne our calculus for PRSs, we rst need to introduce the notion
of the Formula Image of a PRS. Remember that a PRS only has nitely many
conditions (3.2.10).

For this chapter, we assume that in every PRS, for each Dref with is intro-
duced, there is exactly onemath_id condition. The math_id condition for a Dref
is in the same PRS in which that Dref is introduced. If a Dref isnot introduced in
a PRS, then there is nomath_id condition for this Dref in that PRS. This implies,
that if there is a holds condition with argument x in a PRS A then there is PRS
B which is accessible fromA, and B has amath_id condition which has x as the
Dref argument. So, each Dref is mapped to a term or a formula bya math_id
condition. Because there is exactly onemath_id condition for each Dref, this
map is well-de ned. Using this map, we simplify our notation, and assume that
holds conditions do not have Drefs, but formulas as arguments. Nat that, the
PRS construction algorithm which is used in the current verson of the Naproche
system ensures that there is exactly onenath_id condition for each Dref.

De nition 4.2.1. Mref(A)
Let A be a PRS. ThenMref (A) is the set of all Mrefs of A.

As an example, consider the sentenc&or all x x=x" . The corresponding
PRS has onequanti cation condition of the form B ! C for some PRSsB;C.
B has only one condition: math_id (n;x), for some integern. C is a PRS with
math_id (m; x = x) and holds(m) as conditions, for an integerm. In this example,
Mref (B) = fxg, and Mref (C) = fx;x = xg. Note, that the PRS contruction
ensures that there is at least one variable betweefFor all* and the formula.

De nition 4.2.2.  Quanti er over a set
Let X = fxq;::5;Xnhg be a nite set. Then we dene 8X ' as8xq;::;x, ' . Ifall
Xj are variables, and' is a formula, then 8X ' is also a formula.

Note that we assumed that we have a way of ordering the elemestof the
set X, which is normally not the case. This could cause a problem bmuse for
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example, if X = fx;yg, then 8X ' could be either8x;y ' or 8y;x "' . But since
the order of the variables in simultaneous quanti cation is not important, all
possible interpretations are equivalent.

For example, let A be a PRS with Mref (A) = fxa;:::;Xng. Then 8 Mref (A) '
stands for 8x1; ;X ' . We will use this, when we de ne the Formula Image of
a PRS with quanti cation conditions.

De nition 4.2.3.  The Formula Image FI of a PRS
Let E be an empty PRS, A be a non-empty, non-structure PRS with conditions
1, n. Let B,C be non-structure PRSs, T be a theorem PRS with goalGt
and body By, and L be a lemma PRS with goalG, and body B, .
Fl is a map from the set of PRSs into the set of sequences of rst aier
formulas.

FI(E) = h>i
FIA= " ()
FI(T)= FI(Gr)

FI(L)= FI(GL).

Where maps PRS conditions to sequences of rst order formulas as flows:

(holds(* )) = H i

(math_id (X;Y )) = hi for all Drefs X, and all Mrefs Y.

(B)= FI(B)

:B)=":FI(B)

Vv Vv Vv Vv _
(B:=C)= h8free( FI(B)$ FI(C) X FI(B)$S FI(C)i.X
is the set of all free variables of the premises of this de niton condition.

(B! C)= h8Mref(B) X' ijhi=FI(C)iif FI(B)= hi. X is the
set of all free variables of the premises of this implicationcondition.

Vv Vv
(B! C)= h8free( FI(B)) X FIB)! "y jhii = FI(C)
if F1(B) 6 hi. X is the set of all free variables of the premises of this
implication condition.

\Y \Y
(B =>C)= h8free( FI(B)) X FI(B)! "jjhii=FI(C)i,if
C has conditions' 1;::;' , and ' , 6 contradiction . X is the set of all free
variables of the premises of this assumption condition.
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Y,
(B =>C) = h: FI(B)i, if C has conditions' 1;::;;' , and ' =
contradiction

(contradiction ) = ?

Note that as stated in the introduction, we assume that holds conditions have
formulas as arguments.

The de nition of the formula image of a PRS is not complete without the
de nition of the premises of a PRS condition:

De nition 4.2.4.  The Premises of PRSs and PRS conditions
Let be a nite sequence of rst order formulas. Let A be a PRS with conditions
1,75 n. Letl i n,andB be the PRS with conditions 1;::; i 1.

The premises of a PRS, or a PRS condition, is a nite sequenceforst order
formulas. Unless noted otherwise, the premises of a PRS is ¢hempty sequence.
If the PRS A has the premises then the premises of the PRS condition ; is
the sequence + FI(B). Furthermore, we de ne for a PRS condition  with
premises :

If = B for a non-structure PRS B, the premises ofB is .

=
1

: B for a PRS B, the premises ofB is .
If is a de nition condition B := C, the premises ofB and C is .

If is an implication condition B ! C, the premises ofB is , and the
premises ofC is + FI1(B).

If is an assumption conditionB => C, the premises ofB is , and the
premises ofC is + FI(B).

If is a theorem PRST ,with body B and goal G, the premises ofB is ,
and the premises ofG is + FI(B).

If is alemma PRSL, with body B and goal G, the premises ofB is ,
and the premises ofG is + FI(B).

The Calculus De nition

The Naproche calculus, which we are going to de ne now, is bal on an already
given rst order calculus P. Note that in the Naproche system, this calculus is
implemented by an ATP. Fix a rst order calculus P for this section.

De nition 4.2.5. Derivable in a Calculus

Let be a sequence of formulas and' be a formula. We write P ' if we
can derive' from the formulas in in P. For another sequence of formulas
= hanoni,wewrite &, if P jistrueforalll i n.
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De nition 4.2.6.  The Naproche Calculus
Let be a nite sequence of formulas. As described at the beghning of this
section, we assume thatolds conditions have a formula as argument.

We de ne derivability under premises for PRSs: Let A be a PRS with condi-
tions 1;::; n, which is derivable under the premises .

Empty PRS
Any empty PRS is derivable under all premises.

holds condition

Let ' be a formula such that + FI(A) P ".

Then the PRS B with conditions 1;:::; n;holds(' ) is derivable under the
premises

non-structure P RS condition
Let C be a PRS, which is derivable under the premises +FI (A).
Then the PRS B with conditions 1;:::; n;C is derivable under the premises

: PRS condition
Let C beaPRS and + FI(A) Eq,: FI(C).
Then the PRS B with conditions 1;:::; n;: C is derivable under the premi-

Ses .

De nition condition

Let C,D be PRSs.

Then the PRS B with conditions 1;:::; n;C := D is derivable under the
premises .

Quanti er and Implication condition

Let C,D be PRSs. Let + FI(A)+ FI(C)  &,FI(D).

Then the PRS B with conditions 1;::;; h;C ! D is derivable under the
premises .

Assumption condition

Let C,D be PRSsand + FI(A)+ FI(C)  &4FI(D).

Then the PRS B with conditions 1;:::; n;C =>D is derivable under the
premises .

contradiction condition

Let + FI(A) P 2.

Then the PRS B with conditions 1;:::; ,;contradiction is derivable under
the premises .

Theorem PRS condition
Let B be a PRS, which is derivable under the premises +FI (A) ,and G
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be a PRS , which is derivable under the premises +FI (A)+ FI(B). Let
T be the theorem PRS with goalG and body B.
Then the PRS C with conditions 1;:::; n; T is derivable under the premises

Lemma PRS condition

Let B be a PRS, which is derivable under the premises +FI(A) ,and G
be a PRS , which is derivable under the premises +FI (A)+ FI(B). Let
L be the lemma PRS with goalG and body B.

Then the PRS C with conditions 1;:::; n;L is derivable under the premises

De nition 4.2.7.  Naproche Acceptable PRS
A PRS A is Naproche acceptable, if it is derivable under the premise hi, the
empty sequence.

We have de ned two concepts which sound quite similar: The pemisesof a
condition, and derivability under premises. This similarity is intentional. The
premisesof a PRS condition is the sequence which is used in the derivatio of
that PRS condition. For example, for a PRS A which is a condition in a Naproche
acceptable PRS, the premise®f A are the premisesunder which A needs to be
derivable.

4.2.1 Natural Language and Proof Representation Structure s

After having de ned the sequent calculus in chapter 2, the Ngroche language and
general PRS in chapter 3, and the Naproche calculus for PRS ithis chapter, we
will now take a look at the connection of those ideas. We will onsider questions
like: Can every Naproche acceptable PRS be created by an apppriate discourse
in the Naproche language? Can every derivable sequent be dnslated' into a
PRS?

We use the PRS construction algorithm for the proofs in the setion. Re-
member that 3.2.4 showed the contruction of a PRS by exampleChapter 5 and
6 in [13] have the detalils.

Lemma 4.2.1. There are Naproche acceptable PRSs, such that those PRSs ean
not be created by any discourse written in the Naproche langige.

Proof: Let Ag be the empty PRS with no conditions or referents.
Take A1 as the PRS having onlyAg as condition. Then, we de ne A,
as the PRS having onlyA; as condition. Recursively, we de neAnp+1

as the PRS which only hasA, as condition. By this construction, we
can get PRS of arbitrary depth.
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The empty discourse gets translated into the empty PRSA,. But al-
ready A, cannot get created by a discourse in the Naproche language.
The construction algorithm translates sentences in the Napoche lan-
guage into PRS conditions. Such PRS conditions can, of coues be
PRSs, but these PRSs are never empty. Therefore, alh, with n 1
cannot be produced by the Naproche system. ged

Note that this proof heavily depends on the PRS constructionalgorithm and
the fact that it never creates empty PRSs as conditions. In ugoming versions
of the Naproche system, the algorithm, as well as the PRS de itions, will most
likely change, and with some consideration it should be poslle to falsify the
above lemma.

When we consider the relation between the the sequent calcus and PRSs
we can prove some kind of completeness statement:

Lemma 4.2.2. Let ~'.Let = hq;:; ai. Then there is a PRSA such that
FI(A)= 8free( 1) 1! (8free(2) free( 1) 2! (z(8X ! "))

We always quantify over the variables which are free in the ctent formula |,
but not free inany j for 1 j<i . So, X denotes all variables which are free
in n,butnotfreeinany jforl i<n.

Proof: Let = h ;i ni. Then the discourseD =[ Let 1. ... Let
n. Then' . ] gets translated into a PRS with the required property.
ged

Furthermore, if we only consider the formula image of a PRSA, then the
Naproche language is expressive enough to nd a discourd®, such that the to
D corresponding PRS has the same formula image a&. We get the following
theorem:

Theorem 4.2.3. Let A be a Naproche acceptable PRS. Then there is a discourse
D, which, when parsed by the Naproche system, produces a PHSS for which
holdsFI (B) = FI (A).

Proof: Let A be a Naproche acceptable PRS with formula image
FI(A) = hq;: ni. Dene D =[ 13 pi], then FI(B) = FI(A).
ged

4.2.2 The Implementation of the Naproche Calculus

This diploma project was not only about the theoretical calculus, but also about
its implementation. In this section, we show by example thatthe implementation
and the calculus are in principle equivalent: A PRS is Naprobe acceptable if the
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implemented algorithm accepts it, and if a PRS gets acceptediy the checking
algorithm then it is Naproche acceptable.

The complete sourcecode can be found in the appendix A or, ifou have
the Naproche system installed, in the le checker.pl The implementation was
done by Derthe Arndt and the author, with additional help of the trainees
Bhoomija Ranjan and Shruti Gupta . Note that the code is written in the
Prolog programming language. Let us look at the predicatecheckprs rst. The
code is:

check_prs(PRS,Mid_begin,Mid_end,Premises_begin,Prem ises_end,Check_trigger) :-
PRS = id~Id..conds~Conds,
L

% discourse_to_prs gives us the conditions in the wrong orde r. Therefore we have to
% reverse them before we can check them.
reverse(Conds,Reversed_Conds),

% Check whether PRS is a structure PRS, in our case a lemma or a t heorem
% e.g. check if Id = lemma.. or Id = theorem..
( ( atom_concat(theorem,_,Id) ; atom_concat(lemma,_,ld) ) >

(

%theorem / lemma case
Reversed_Conds = [Goal,Proof],

% Get the Math IDs and the Premises of the Goal, but don't check
check_prs(Goal,Mid_begin,Goal_Mid_end,Premises_begi  n,Goal_Premises_end,nocheck),

% Check the Proof with updated Math IDs, discard Math IDs at th e end
% Assumptions for Theorem must be made again!
check_prs(Proof,Goal_Mid_end,_,Premises_begin,Proof _Premises_end,Check_trigger),

% If Check_trigger = check see if Proof is a proof for Goal

( Check_trigger = check ->

( append(Premises_begin,Thm,Goal_Premises_end),
fof_check(Proof_Premises_end,Thm,ld)

)i

true

)

% Set New Math_lds & Premises
Goal_Mid_end = Mid_end,
Premises_end = Goal_Premises_end

)

% If PRS is not a theorem just check the conditions
check_conditions(ld,Reversed_Conds,Mid_begin,Mid_en d,Premises_begin,
Premises_end,Check_trigger)

).

checkprs has six arguments, namelyPRS,Mid_begin,Mid_end,Premisesbegin,
Premises end,Checktrigger. PRS is the PRS which we want to check. Mid _begin
and Mid _end store the math_id conditions which are accessible before and after
parsing the PRS. Premisesbegin and Premisesend are lists which contain the
active premises, as rst order formulas, before and after tle parsing of the PRS,
and Checktrigger is used to indicate whether we want to check the conditions of
the PRS.
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The programs rst checks whether the input PRS is a normal, meaning non-
structure, PRS or a theorem/lemma PRS.

% Check whether PRS is a structure PRS, in our case a lemma or a t heorem
% e.g. check if Id = lemma.. or Id = theorem..
( ( atom_concat(theorem,_,Id) ; atom_concat(lemma,_,Id) ) >

Let us rst look at the simpler case of the input PRS being a nonstructure
PRS:
% If PRS is not a theorem just check the conditions

check_conditions(ld,Reversed_Conds,Mid_begin,Mid_en d,Premises_begin,
Premises_end,Check_trigger)

The checking algorithm accepts the PRS, if it accepts all theconditions of
the PRS. When you look at the code of the checlkconditions predicate, you see
that they are checked sequentially. For a PRS withn conditions, the algorithm
only tries to check the nth condition, after the rst n 1 conditions got accepted.
This corresponds to the general layout of our calculus: We ad one condition
after the other. If we want to derive a PRS with n conditions, then we rst need
to derive the PRS which contains the rst n 1 conditions.

The second option in the checkprs predicate is that the input PRS is a
structure PRS, meaning that it is a theorem or a lemma PRS.

%theorem / lemma case
Reversed_Conds = [Goal,Proof],

% Get the Math IDs and the Premises of the Goal, but don't check
check_prs(Goal,Mid_begin,Goal_Mid_end,Premises_begi  n,Goal_Premises_end,nocheck),

% Check the Proof with updated Math IDs, discard Math IDs at th e end
% Assumptions for Theorem must be made again!
check_prs(Proof,Goal_Mid_end,_,Premises_begin,Proof _Premises_end,Check_trigger),

% If Check_trigger = check see if Proof is a proof for Goal
( Check_trigger = check ->

( append(Premises_begin,Thm,Goal_Premises_end),
fof_check(Proof_Premises_end,Thm,ld)

);
true

),

% Set New Math_Ids & Premises
Goal_Mid_end = Mid_end,
Premises_end = Goal_Premises_end

)
The input PRS has two conditions. Both are PRSs, one is the gdaand one
is the proof.

%theorem / lemma case
Reversed_Conds = [Goal,Proof],

We run check prs on the goal.

% Get the Math IDs and the Premises of the Goal, but don't check
check_prs(Goal,Mid_begin,Goal_Mid_end,Premises_begi  n,Goal_Premises_end,nocheck),
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Note that the check_trigger parameter has nocheck as argument. Starting
check prs with nocheck basically gives the rst order representation, the formula
image, of the PRS. Here, the formula image of the PRS is addedbtthe premises.
The variable Goal Premisesend contains a list which starts with the premises
which we had at the start of this routine, Premisesbegin and ends with the
formula image of the goal.

We then check the proof PRS under the premises which are stocein the
list Premisesbegin After this is done, the variable Proof_Premisesend contains
a list which starts with Premisesbegin and ends with the formula image of the
proof PRS.

% Check the Proof with updated Math IDs, discard Math IDs at th e end

% Assumptions for Theorem must be made again!
check_prs(Proof,Goal_Mid_end,_,Premises_begin,Proof _Premises_end,Check_trigger),

If the check trigger is set to check, we extract the formula image of the gal
PRS from Goal_Premises end and save it asThm. Then we use the ATP to check
whether Proof_Premises end implies Thm.

( Check_trigger = check ->
( append(Premises_begin,Thm,Goal_Premises_end),

fof_check(Proof_Premises_end,Thm,ld)

)i

true

)

Let us compare this to the Theorem PRS condition from the Naproche cal-
culus (Lemma PRS condition is analogue): The body PRS has to be derivable
under the premises of the theorem PRS. This corresponds to # Naproche sys-
tem being able to check the proof PRS using onlyPremisesbegin The second
condition is that the goal PRS is derivable under the premiss of the theorem
PRS, plus the formula image of the body PRS. The line

fof_check(Proof_Premises_end,Thm,ld)

ensures exactly this. Only if these two conditions are ful lled can we add a
theorem PRS as condition in our calculus, and only if these @ conditions are
ful lled does the Naproche system accept a theorem PRS.

For a second example, let us consider when the Naproche systeaccepts a
negated PRS:

o -mmmmmmmmmmmmmnmmnenaan Negation --------=--m-ceec e

% X = neg(PRS)

% Takes all premises from PRS and negates them.

% Check occurs after the negation.

check_conditions(ld,[neg(PRS) | Rest ],Mid_begin,Mid_e nd,Premises_begin,
Premises_end,Check_trigger) :-

|

% Get the Premises and Mids of PRS
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% Check_trigger is nocheck as we want to prove the negates for  mulas!
check_prs(PRS,Mid_begin,New_Mid_begin,Premises_begi n,Tmp_Premises_end,nocheck),

% Get the new premises and negate them
append(Premises_begin,Premises_PRS,Tmp_Premises_end),
negate_formulas(Premises_PRS,Negated_Premises_PRS),

% Check the Premises if Check_trigger = check

% otherwise just append them

( Check_trigger = check ->
fof_check(Premises_begin,Negated_Premises_PRS,|d);
true

append(Premises_begin,Negated_Premises_PRS,New_Prenises_begin),

% Check the rest of the conditions with New_Mid_begin and New _Premises_begin
check_conditions(ld,Rest,New_Mid_begin,Mid_end,New_  Premises_begin,
Premises_end,Check_trigger).

Using the checkprs predicate with nocheck as argument, we get the formula
image of the negated PRS:

% Get the Premises and Mids of PRS
% Check_trigger is nocheck as we want to prove the negates for  mulas!
check_prs(PRS,Mid_begin,New_Mid_begin,Premises_begi n,Tmp_Premises_end,nocheck),

We use append to extract the formula image of the negated PRSrad negate
it.
% Get the new premises and negate them

append(Premises_begin,Premises_PRS,Tmp_Premises_end),
negate_formulas(Premises_PRS,Negated_Premises_PRS),

We check whether the ATP can prove the negated formula imagerbm the
premises:

% Check the Premises if Check_trigger = check
% otherwise just append them
( Check_trigger = check ->
fof_check(Premises_begin,Negated_Premises_PRS,|d);
true
)
And if that does succeed, we append the negated formula imagé the

premises we had so far, and then try to check the rest of the catitions:
append(Premises_begin,Negated_Premises_PRS,New_Prenises_begin),

% Check the rest of the conditions with New_Mid_begin and New _Premises_begin
check_conditions(ld,Rest,New_Mid_begin,Mid_end,New_  Premises_begin,
Premises_end,Check_trigger).
This corresponds to the: PRS condition in the Naproche calculus: If we can
prove the negation of the formula image from the premises, ten we can add the
negated PRS as condition.

We saw on two examples that the Naproche calculus and the imgimented
Naproche algorithm are equivalent. Apart for one exception natural language
quanti cation, one can similarly show the equality for the rest of the calculus.
This exception a known bug and will be xed in the next version.
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4.3 Correctness and Completeness
of the Naproche Calculus

For any calculus, we would like to know whether is is correct ad/or complete. In
our case, we have two problems. First, our PRS calculus heayi depends on the
rst order calculus we are using. And second, we have no way t@heck whether
a de nition is reasonable. However, if we restrict ourselve, we can get some
results.

In the sequel,” P means derivable in the calculusP, and * means derivable
in the sequent calculus which we de ned in in chapter 2. Remerber that our
sequent calculus is correct and complete. IP is complete, then ' implies

*Pr andif P is correct, then P ' implies ' . We also get that if P is
correct, then L, implies " seq -
Theorem 4.3.1. Completeness of the Naproche Calculus
If P is a complete calculus, then the Naproche Calculus is compée More specif-
ically, if | ', then let Avbe the PRS which has one condition, which is an
assumption condition with in the left-hand side PRS and' in the right-hand
side PRS. ThenA is Naproche acceptable.

Proof: Obvious. ged

Theorem 4.3.2. Correctness of the Naproche Calculus
If P is a correct calculus, then the Naproche Calculus is correctMeaning that if A
is a Naproche acceptable PRS without de nition conditions,then hi ~ seq F1 (A).

Proof: We prove the stronger result that if A is derivable under the
premises , then  ~s¢q FI (A), by induction over the depth of the
PRS. This implies the theorem because every Naproche accegiile
PRS is derivable under the empty sequence. Hence, for a Naptbe
acceptable PRSA we would get that hi * seq FI (A).

We begin the proof by considering empty PRSs, which have dept O.
For an empty PRS E, FI(E) = >, and > is always derivable in our
rst order calculus (Lemma 2.3.5). So, assume that the resulholds
for all PRSs with depthd m 1, m 1. For PRS with depth m,
we prove the theorem by induction over the number of conditims.

Let A be a PRS, which is derivable under the premises , and has
depth d(A) = m. If A has no conditions, thenA is the empty PRS
and we are done. So, assume thaf has conditions 1;::; ., and
that the result holds for all PRS B with depth d(B) m and less
than n conditions.
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BecauseA is derivable under the premises , the PRS A% with con-
ditions 1;::: n 1 is derivable under the premises . All conditions
of ACare also conditions ofA, hence depthd(A%  d(A) = m. Us-
ing the induction hypothesis, we can conclude that  seq FI (A9.
Remember that FI (A) = FI (A% + ( ,). We consider the di erent
options for the last condition .

+ = holds(" )
Then + FI(A9 "P ' and sinceP is correct, + FI(A9 “P
implies + FI (A9 ' . Furthermore, FI (A) = FI (A9+ H i. Hence,
we can use the last two statements to conclude ~ seq FI (A).

n = B, for a non-structure PRS B
B is derivable under the premises + FI (A9. Sinced(B) <m, we can
use the induction hypothesis and conclude + FI1 (A9 ~sq F1(B).
Therefore ~ seq FI (A).

n = : B, for a non-structure PRS B
By the calculus de nition, + FI(A% P _:FI(B). BecauseP is

seq -

correct, it follows that + FI (A9 seq - FI(B). Thus, we get that
" seq F1 (A).
n=C! D,for PRSsC;D

Since | is a condition in A, we know that d(C);d(D) ﬂF(A) = m.
By ttve formula imag%de nition, (C! D) = h8free( FI(C))
free( (+ FI(A9) " FI(C)! 'ijh ;i = FI(D)i, and by the cal-
culus de niton + FI(A9+ FI(C)" Eeq FI1 (D). SiQ?eP is correct,
we can use Lemma 4.1.3 to conclude +F | (A\‘;) “seqh FI (C)\!/ i
Hii = FI(D)i. All variables in the set free( FI(C)) free( ( +
FI(A9)) are not free in + FI1 (A9, and alsp not free in the sequent
hg8 free( FI(C)) free( ( + FI(AY) FI(C)! "ijhji=
FI(D)i. Therefore, we can use the8 Introduction rule in t@e se-
quent calciylus toget + FI(A9" seqh8free( FI(C)) free( ( +
FI(A9)  FI(C)! 'ijh i = FI(D)i. Therefore ° seq F I (A).

n=C=>D, for PRSsC;D
By the calculus de nition, + FI(A9+ FI(C) "5, FI (D). We have
two cases to consider. If the last condition ofD is not contradiction ,
we proceed like in the implication case.

Else, we have that (C =>D) = h: v F1(C)i. Since the last con-
dition of D is contradiction, and P is correct, we can apply lemma
4.1.1to get + FI(A9+ FI(C)  ? . We use lemma 4.1.3, to get

+ FI(A9 " FI(C)!? . Now, a small calculation in the se-
quent calculus gives + FI (A9 : FI1(C). Together, we conclude

h seq FI (A)
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n = contradiction
SinceP is correct, + FI(A9 " ? ,and hence ° seq FI (A).

n = B, for a theorem PRSB with goal Gg and body Bg
We have that d(Gg);d(Bg) < d(A) = m, and hence by induction
and the calculus de nition it follows that + FI (A9 seq F1 (Bg),
+ FI(A9+ FI(Bg) " seq FI (Gg). Putting these two together, we
get + FI(AY “sq F1(Gg) by lemma 4.1.4, and therefore ~ eq
FI(A).
n = B, for a lemma PRSB with goal Gg and body Bg.
This case goes exactly like the theorem PRS case.

ged

Remark. Concerning de nition conditions. Note that we did not cover de nition

conditions in the theorem. In their normal use, de nitions are just abbreviations.
These abbreviations extend our language and cannot be prome At the moment,
when encountering a de nition, the Naproche system simply sores that de nition

as a premise, without checking it. In 5.2.2, we consider thigproblem in more
detail.
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Chapter 5

Practical Limitations and Future
Work

So far, we have looked at the current implementation, as welas the mathemati-
cal, linguistic and computer scienti ¢ background of the Naproche system. This
chapter is about its future.

We will rsttake a look at the practical limitation which the Naproche system
has. Then, we will pick up a few points which we noted during the development
of the current version, and which we think should be improvedin the upcom-
ing versions. The last section introduces the actual plansdr the work on the
Naproche system, starting from February 2009.

5.1 Practical Limitations of the Naproche System

The aim of the Naproche system is rather idealistic. Anatural language proof
checker a program, which can process real natural language and dede like,
or better than, a human. Considering that even in normal conwersations it is
not always clear what the other person means, how can we teach computer to
understand us? In the section we will look at some practicalimitation and how
they a ect our goal.

5.1.1 Correctness and Completeness

In the last chapter, we proved the theoretical correctness ad completeness of
the Naproche calculus. The one assumption we had for those pofs was that the
calculus we use is complete and correct. In the Naproche syamn, this calculus
comes from an ATP. If the ATP can derive a formula' from some premises |,
then ' is derivable from in the calculus. Unfortunately, there is not one ATP
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for which we know that it is correct and complete. Let us take acloser look at
the problem, beginning with completeness.

The rst thing to note is that some, if not most, ATPs are incom plete by
design [25]. Furthermore, even if the ATP is complete in theoy, there could still
be errors somewhere in the code. Assuming that this is not thease, we still have
the Naproche system, which could also have some bugs. Evenvie would have a
complete ATP system and no bugs in neither the ATP nor the Naproche system
there is one more potential source for incompleteness: timeNaproche limits the
time which the prover can take to discharge an obligation. Maning, we could
miss a solution just because we forced the ATP to stop too eayl

While incompleteness is acceptable for an ATP, incorrectnss is not. ATPs
should be correct, but, of course, there could always be erroin the program.
Fortunately for us, there are two methods which can use to ensre that a program
is doing what it is supposed to do. First, we can use softwareeri cation methods
to check our code. Second, if software veri cation is too teébus or impractical,
as [25] suggests, we can use the rather unmathematical compteof trust. Just
by running enough examples, of which we know the correct anssy, we can test
the Naproche system/the ATP and, given that we do get the correct answers,
establish some kind of trust in the system. For the Naproche gstem in particular,
we can try the input on several ATPs and compare the results.

This leaves us with the time constraint problem, which is had, if not im-
possible to avoid. If we want to maintain useability we need tme constraints on
the prover, which means that we do get incompleteness. (Unks the prover can
instantly solve any given problem, which is not the case). Inpraxis, we could
handle this problem by asking the user to change the proof in wler to create
easier obligations for the prover.

Altogether, we get the following: Using theoretical consicrations for the
foundations, software veri cation techniques for the implementation and dif-
ferent provers for comparison, we can be quite sure that a patve answer by
the Naproche system, Proof Accepted) means that the input is correct. If the
Naproche system does not accept a given input, then this doesot imply the in-
correctness of the input. We can only conclude that the inputis either incorrect,
or that the tools we use are too weak to prove it. In other words the Naproche
system is incomplete, but we can hope for correctness. Whiléhis might seem
discouraging at rst, we should not forget that humans have the same limitation.

5.1.2 Natural Language

One of the goals of the Naproche system idlatural Mathematical Language as
input format. At some point in the program, the input has to be translated into
rst (or higher) order logic. One problem which does arise hee is that natural
language cannot always be uniquely translated. There are s, when several
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translations are possible. For exampleA and B implies C could be read as
(ArB)! CorasA™ (B! Q).

So far, Naproche, as well as its competitors Plato [32] and SB. [20], restrict
their input and de ne unique translations into logic. Attem pto [6] showed that
one can get quite far with this approach. However, the best ya can hope for is
an input language which, when reading it, looks like natural English, but when
you want to write a text for the program to check, you will have to learn the
input language rst.

Alternatively to the controlled language approach, one codd allow ambiguities
and try to work with them. This, unsurprisingly, leads to qui te some problems.
First of all, several translations mean more things to check For example, if we
take a text with n sentences, and every sentence has two possible translatmn
then, as a basic approach, we need to checK'aranslations for correctness, com-
pared to only n if we do not allow ambiguity. Even if this exponential growth
was acceptable, we would also need to rede ne when a text is eepted. It is
quite likely that not every possible translation gives the same result. When do
we accept a text as correct? Only if every translation is accgted? Then the
user would probably not be able to write a normal text. Only if there is a correct
translation? This correct translation could be completely di erent from what the
author intended to say. Then the program would sayProof Accepted even though
what the author intended to say was wrong.

One way of dealing with text ambiguities is to ask the user whch of the
available options was meant. This, however, would move the proche away
from automated proof checking, which is without user interaction, and towards
proof assisting. If we want to go into this direction, we shoud take a closer look
at Coq [5] and Isabelle [18].

In my personal opinion, we should stay with the controlled language concept
for the time being. Attempto managed to make a part of a languaye, English,
unambiguous (The current vocabulary le has close to 100.00 entries [19]). The
mathematical language is a tiny subset of English, and furtrermore, it is already
quite precise in its meaning. The controlled language woulgrobably be not too
far away from what mathematicians actually use, and therefoe be easy to learn
and teach. The Naproche project, as a group of linguists and mthematicians,
should be able to get a lot more out of the concept of a restriatd language for
mathematics, than what is currently possible.

5.2 Possible Improvements

What follows is a list of things we noticed in the developmentof the last version of
the Naproche system, and which we would like to change for upaming versions.
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5.2.1 Usability and Communication

At the moment, using Naproche is far from simple. Even if we casider, that it
is a scienti ¢ project which is still in development, there is a lot we can improve.

Installation

To get Naproche up and running, one needs to install more than5 di erent
programs and even change a few lines in the code. On top of thahot one person
knows all the things which one needs to consider, when insthhg it. Setting up
a decent installation routine is a must for future versions.

Documentation

While the sourcecode documentation is quite good, the end & documentation
is almost non-existent. The input language is only partially de ned, we have no
tutorials, nothing which helps a end-user.

Website

Nowadays, the internet is the primary source of information The Naproche
Website is both outdated and rudimentary. We need up to date ontent, the
possibility to download recent and older versions, as well s pdfs of all papers
about Naproche.

| propose, that we schedule cycles, for example every 6 montlin which we
release updated versions of the Naproche system. These vienss are released on
the website, complete with a working installer as well as prper documentation
for the end user.

5.2.2 Proving

The actual proving process of the Naproche system is very uretdeveloped. We
already mentioned a few issues in the last chapter. The follwing are ideas for
improving the capabilities of the Naproche system.

De nitions

The Naproche system treats de nition sentences as equivatee statements. While
this can already cause logic problems, we also might get praééms with the pure
amount of de nitions. We will consider the logic problems r st:

In order to check that conditions do make sense, there are a¥ethings we can
do. One idea is the following algorithm: First, we check wheher what we de ne
is a new word. If it is then we have a de nition which is simply an abbreviation.
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If we do not de ne a new word, but instead use one from the vocablary, we
check if there is already a de nition associated with that word. If yes, we check
for equivalence of those two de nitions. If they are equivaknt, everything is ne.
If not we should report an error. If there is no de nition for t hat word then it is
ok to create one.

Alternatively, de nitions could be treated as additional a ssumptions. Chang-
ing the semantics to \This proof is correct under these de nitions". One drawback
of this approach is that the formulas that the ATP has to work with would get
even longer.

For handling de nitions, Andriy Paskevych  developed the method of de -
nition expanding [15]. Instead of saving de nitions as normal premises, they are
stored separately. The prover gets the text without the de nitions rst, and only
if it cannot succeed without the de nitions does the program provide him with
more information. This way, we can simplify the problem for the prover, which
in return increases the proving capabilities of our program

Proving on PRS Level

In the calculus, we de ned that the formula image of an assumgion ended by
a contradiction would be the negated assumption. This is aleady some kind of
proving on PRS level.

Another proof type, which could be implemented at this levelwould be proof
by induction or recursions. Generally, a calculus which canbe changed while
running the program is thinkable. The user could de ne when ®mething is
correct. For example, we could have a rule in the calculus with states that
when a statement for the natural numbers holds for O and everysuccessor, then
it holds for all natural numbers.

But as one should prove that additions to the calculus are carect, we might
as well just leave everything to the ATP. We need to do more resarch to see
whether such an option would be useful.

Premises

Eventually, we will have to worry about the power of the underlying prover of
the Naproche system. So far, we did not have any problems but &did not work
with bigger examples either. The more premises you give an AP, the worse it
will preform. The way we handle premises now we will get proobbligations with
dozens of premises, most of which are unnecessary for the ael proof. In order
to be able to check bigger texts, we need to nd a way to keep theamount of
premises for each obligation small.

Mizar [16] handles this problem by explicitly asking for the appropriate theo-
rem for each proof step. Unless you know the entire library byheart, this makes
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writing proofs in Mizar quite tedious. So we do not want to usethis concept for
a natural language proof checker.

One idea we had, was the development of some kind of metric fatatements.
This metric would continuously be updated. When the prover tries to discharge
an obligation, the ATP rst tries to prove it, using only thos e statements which
are near, according to the metric, the current obligation. If it is not successful,
the algorithm would slowly increase the alloweddistance which a statement can
have from the obligation, in order to be considered for the décharge. This way,
we can keep the number of the premises which are used for the @of small. The
method of de nition expanding, which we mentioned earlier, would also nicely t
into this concept.

Such a metric could be based on

The actual distance in the input text.

The kind of statement (Theorem/Lemma/Proof Statement).

The frequency of how often the statement was used in previouproofs.
Explicit reference in the text (e.g. by lemman ...).

For a useful de nition, we will probably need not only more th eory, but also
lots of tests on dierent texts. If we do want to keep the proving part of the
Naproche system in Bonn, | strongly recommend that we do moreesearch in
this area.

5.2.3 XML

In the current version of Naproche, the conversion from the mput text to XML
does little more than adding a unique number to each sentencelf we do want to
keep the approach of converting to XML rst, we should think a bout getting more
information from the texmacs le, and, subsequentially, having more information
in the XML. Furthermore, it should be possible for the writer to supply additional
information for Naproche while writing the document. This could also be saved
in the XML.

Either way, it would be necessary to redesign the XML speci @tions. For
this, we should take a closer look atMichael Kohlhase  and his group. They
are working on a semantic markup format for mathematical dowments: OMDoc
[12]. This format could replace our current XML standard. It can handle all the
things we need from an XML format right now, and, additionally, it allows the
user to give more information, which in turn could be used in the creation of the
PRS and the proving of the text.

Another benet of OMDoc would be that we would allow a broader input.
The user would not be forced to use Texmacs. As long as his texs convertible
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into OMDoc, it can be checked by Naproche. This could make Napche more
appealing to users, which will be more and more important as he development
progresses.

5.3 The Future of Naproche

After all these considerations of possible improvements, hat is the actual plan
for the future of Naproche? At the Conference on Intelligent Computer Mathe-
matics, we had the opportunity to meet the VeriMathDoc group which i s based in
Saarbracken and Bremen. It became obvious that we have vergimilar ideas and
concepts, and that we therefore could both bene t from a coogration. VeriMath-

Doc is particularly strong in all IT aspects, be it theorem proving, programming
or program interaction. Naproche, on the other hand, has itsfocus on natural
language and mathematics.

The plan is that, starting from autumn 2008, the VeriMathDoc and Naproche
teams will work together. Each team will continue to work on its own project,
but we will share the results of our respective studies as weks the programs
which can be used by both teams.






Chapter 6

Conclusion

In this thesis, we introduced the Naproche project, explaired the Naproche sys-
tem in greater detail, and talked about the its limitations. We showed that with
relatively simple means, namely the current Naproche langage and the current
Naproche system, it is already possible to formulate and prof such non-trivial
theorems like the Burali-Forti paradox. Such early results suggest that with
further research, it should be easily possible to signi catly improve both the
Naproche language as well as the Naproche system.

Even though we are, to our knowledge, so far the only mathematal-linguistic
group which is working in this area, the public reception of the Naproche project
was very good. Conferences, exhibitions like the \Wissendaftszelt", and our
Naproche seminar gave us the opportunity to talk to scientigs from all three
involved areas, mathematics, linguistics and computer s@nce. Most of them
seemed very interested in our work, and were eager for hear abt new results.

In conclusion, the author argues that the Naproche project § very promising
and should be pursued further. Not only are more and better rsults feasible,
but also asked for by the scienti c community.
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Appendix A

The Sourcecode of checker.pl

:-module(check_prs,[check_prs/6]).

use_module(library(pldoc)).

ensure_loaded(naproche(gulp4swi)).
use_module('premises’).

- use_module('fof_check’).
use_module(naproche(prs)).

% assumption marker
- 0p(901, xfx, user:(=>)).

% implication marker
- 0p(901, xfx, user:(==>)).

% definition marker
- 0p(901, xfx, user:(:=)).

PRS_A = PRS B :-
(is_prs(PRS_A);is_neg_prs(PRS_A)),
(is_prs(PRS_B);is_neg_prs(PRS_B)).

PRS_A => PRS B :-
(is_prs(PRS_A);is_neg_prs(PRS_A)),
(is_prs(PRS_B);is_neg_prs(PRS_B)).

PRS_A ==> PRS B :-
(is_prs(PRS_A);is_neg_prs(PRS_A)),
(is_prs(PRS_B);is_neg_prs(PRS_B)).

/** <module> High level proof checking predicate

*

* This module provides predicates to check a PRS using a first order prover.

*

*

%% check_prs(+PRS:prs,+Mid_begin:list,-Mid_end:list, +Premises_begin:list(DOBSOD),
%% -Premises_end:list(DOBSOD),+Check_trigger:(check | nocheck)) is det.

%

% True if PRS is logically valid.

%

% Depending on the Check_trigger, the PRS is translated into TPTP FOL and checked,
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% using the prover Prover if Check_trigger = check, or just tr anslated into TPTP FOL
% if Check_trigger = nocheck.

% A PRS is logically valid, if all its conditions are logicall y valid.

%

% NOTE: In order to actually check the input you need to define the following predicates:
% check_time(Time)

% check_prover(Checker)

% check_size(Outputsize)

% These are normally defines in load.pl. fof _check will not w ork without them!

%

% @param PRS is the PRS to be checked.

% @param Mid_begin is the list of available Math_IDs before t he start of the predicate.
% @param Mid_end is the list of available Math_IDs at the end o f the predicate

% @param Premises_begin is the list of premises from which we try to prove the PRS.
% @param Premises_end is the list containing Premises_begi n and every formula we
% proved through the PRS.

% @param Check trigger gives us the option to either try to pro ve every formula we
% encounter ( check ) or to just go through the structure of the proof without

% running a prover (nocheck).

%

%

% @tbd Mid handling in Negation case. Should they be negated?

o

check_prs(PRS,Mid_begin,Mid_end,Premises_begin,Prem ises_end,Check_trigger) :-
PRS = id~Id..conds~Conds,
|

% discourse_to_prs gives us the conditions in the wrong orde r. Therefore we have to
% reverse them before we can check them.
reverse(Conds,Reversed_Conds),

% Check whether PRS is a structure PRS, in our case a lemma or a t heorem
% e.g. check if Id = lemma.. or Id = theorem..

( ( atom_concat(theorem,_,Id) ; atom_concat(lemma,_,Id) ) >

(

%theorem / lemma case

Reversed_Conds = [Goal,Proof],

% Get the Math IDs and the Premises of the Goal, but don't check
check_prs(Goal,Mid_begin,Goal_Mid_end,Premises_begi  n,Goal_Premises_end,nocheck),

% Check the Proof with updated Math IDs, discard Math IDs at th e end
% Assumptions for Theorem must be made again!
check_prs(Proof,Goal_Mid_end,_,Premises_begin,Proof _Premises_end,Check_trigger),

% If Check_trigger = check see if Proof is a proof for Goal

( Check_trigger = check ->

( append(Premises_begin,Thm,Goal_Premises_end),
fof_check(Proof_Premises_end,Thm,|d)

);

true

)

% Set New Math_lds & Premises
Goal_Mid_end = Mid_end,
Premises_end = Goal_Premises_end

)

% If PRS is not a theorem just check the conditions
check_conditions(ld,Reversed_Conds,Mid_begin,Mid_en  d,Premises_begin,
Premises_end,Check_trigger)

).

% check_neg_prs --

%% check_neg_prs(+NEG_PRS:neg(prs),+Mid_begin:list,- Mid_end:list,
%% +Premises_begin:list(DOBSOD),-Premises_end:listtD OBSOD),
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%% +Check_trigger:(check | nocheck)) is det.

%

% True if NEG_PRS is logically valid, takes a negated PRS as in put.

%

% Depending on the Check_trigger, the NEG_PRS is translated into TPTP FOL and checked,

% using the prover Prover if Check_trigger = check, or just tr anslated into TPTP FOL
% if Check_trigger = nocheck.

% A NEG_PRS is logically valid, if all its conditions are logi cally valid.

%

% NOTE: In order to actually check the input you need to define the following predicates:
% check_time(Time)

%
%
%
%
%

S

check_prover(Checker)
check_size(Outputsize)
These are normally defines in load.pl. fof _check will not w ork without them!

S o

@param NEG_PRS is the negated PRS to be checked.

% @param Mid_begin is the list of available Math_IDs before t he start of the predicate.
% @param Mid_end is the list of available Math_IDs at the end o f the predicate

% @param Premises_begin is the list of premises from which we try to prove the PRS.
% @param Premises_end is the list containing Premises_begi n and every formula we

> o ©

% proved through the PRS.
% @param Check trigger gives us the option to either try to pro ve every formula we
% encounter ( check ) or to just go through the structure of the proof without

% running a prover (nocheck).

check_neg_prs(neg(PRS),Mid_begin,Mid_end,Premises_b egin,Premises_end,Check_trigger) :-
|

% Check the PRS
check_prs(PRS,Mid_begin,Mid_end,Premises_begin,PRS_ Premises_end,Check_trigger),

% Get the premises which are added by the PRS
append(Premises_begin,PRS_Premises,PRS_Premises_end),

% Negate the PRS_Premises
negate_formulas(PRS_Premises,Negated_Premises),

% Append the negated Premises
append(Premises_begin,Negated_Premises,Premises_end ).

% check_condition S mmmeemcmmmmmmeeecmmmeneen

%% check_conditions(+Id:atom,+Conditions:list,+Mid_b egin:list,-Mid_end:list,

%% +Premises_begin:list(DOBSOD),-Premises_end:listtD  OBSOD),

%% +Check_trigger:(check|nocheck)) is det.

%

% True if every Element of the List is logically valid, or if th e list is empty
%

% check_conditions checks the Elements of the List one ofter the other.

%

% Possible Conditions X are:

%
%
%
%
% *

*

is a PRS

= math_id(_, )

= holds(Y)

= PRS_A := PRS_B Definition
PRS_A => PRS_B Assumption
= neg(PRS) Negation

= PRS_A ==> PRS_B For all

= PRS_A ==> PRS_B Implication
= contradiction Contradiction

*

*

*

%
%
%
% *
%
% NOTE: In order to actually check the input you need to define the following predicates:
% check_time(Time)

% check_prover(Checker)

% check_size(Outputsize)

% These are normally defines in load.pl. fof_check will not w ork without them!

*

*

S
*

X X X X X X X X X
1

> o
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%

% @param Id is the ID of the PRS we are checking

% @param Conditions is the list of conditions which we try to p rove.

% @param Mid_begin is the list of available Math_IDs before t he start of

% the predicate.

% @param Mid_end is the list of available Math_IDs at the end o  f the predicate

% @param Premises_begin is the list of premises from which we try to prove the PRS.
% @param Premises_end is the list containing Premises_begi n and every formula

%  we proved through the PRS.

o

o o

% @param Check trigger gives us the option to either try to pro ve every formula
% we encounter ( check ) or to just go through the structure of t he proof
%  without running a prover (nocheck).

Qo =mmmmmmmmmmmmmeeneeeaen Empty LiSt ---------memeeee e

% Empty list is valid.

% Mid_begin = Mid_end

% Premises_begin = Premises_end
check_conditions(_,[],Mid_begin,Mid_begin,Premises_ begin,Premises_begin,_) :- I

% PRS --ommommmmmmemees e

% X is a PRS

% Check PRS then proceed with the updated Math_IDs and Premises.

check_conditions(ld,[X|Rest],Mid_begin,Mid_end,Prem ises_begin,
Premises_end,Check_trigger) :-

is_prs(X),

|

check_prs(X,Mid_begin,X_Mid_end,Premises_begin,X_Pr emises_end,Check_trigger),

% Use the updated Mid and Premises for the remaining check.
check_conditions(ld,Rest,X_Mid_end,Mid_end,X_Premis es_end,Premises_end,Check_trigger).

L math_id(_,_) ------------- e

% X = math_id(_, )

% Update Mid_begin and proceed

check_conditions(ld,[X|Rest],Mid_begin,Mid_end,Prem ises_begin,
Premises_end,Check_trigger) :-

X = math_id(_,_),

|

append(Mid_begin,[X],New_Mid_begin),

check_conditions(ld,Rest,New_Mid_begin,Mid_end,Prem ises_begin,Premises_end,Check_trigger).

% ---mmemmemmemeneeeeeeee holds(_) -------=--======

% X = holds(Y)

% We use the Prover to check whether Y follows from the premise s.

% If yes, then the TPTP representation of Y is added to the prem ises, else

% we throw an error.

% Check_trigger specifies whether we do the actual check or j ust update the premises.
check_conditions(ld,[ holds(Y) |Rest],Mid_begin,Mid_e nd,Premises_begin,

Premises_end,Check_trigger) :-
|
% Find the Formula corresponding to Y.
% If it can't be found in Mid_begin throw an error
Z = math_id(Y,Formula_PRS),
member(Z,Mid_begin),
% If FAIL THROW ERROR !l

% Get rid of the math(..) part.
Formula_PRS = math(Formula_FOL),
(((Formula_FOL = type~quantifier),!);
((Formula_FOL = type~relation),!);
((Formula_FOL = type~logical_symbol),!)),!,

% If Check_trigger = check use Prover to check whether Formul a follows from the premises
% If it can't be proven throw an error.

% If Check_trigger = nocheck do nothing.

( Check_trigger = nocheck -> true

; fof_check(Premises_begin,[Formula_FOL],Id)



)
% If FAIL, THROW ERROR!!

% Update premises
append(Premises_begin,[Formula_FOL],New_Premises_be gin),

8
check_conditions(ld,Rest,Mid_begin,Mid_end,New_Prem ises_begin,Premises_end,Check_trigger).

% X =A=B
% A and B both can be either a PRS or a negated PRS.

% A Definition is just one more premise. Therefore we update t he premises and proceed.
check_conditions(ld,] X |Rest],Mid_begin,Mid_end,Prem ises_begin,
Premises_end,Check_trigger) :-

X = (A:=B),
1

% Extract the list of Premises from A and B

( is_prs(A) ->

check_prs(A,Mid_begin,A_Mid_end,Premises_begin,A_Pr emises_end,nocheck);
check_neg_prs(A,Mid_begin,A_Mid_end,Premises_begin, ~A_Premises_end,nocheck)
),

append(Premises_begin,List_A,A_Premises_end),!,

( is_prs(B) ->
check_prs(B,A_Mid_end,_,A_Premises_end,B_Premises_e nd,nocheck);
check_neg_prs(B,A_Mid_end,_,A_Premises_end,B_Premis es_end,nocheck)
),

append(A_Premises_end,List_B,B_Premises_end),!,

% Update the premises
update_definitions(Premises_begin,New_Premises_begi n,List_A,List_B),
]

check_conditions(ld,Rest,Mid_begin,Mid_end,New_Prem ises_begin,Premises_end,Check_trigger).

L ASSUMPLION -----m--mmmmmmm e

% X =A=>8B

% A and B both can be either a PRS or a negated PRS.

% This results in a premises update:

% For all premises X from B we add

% ! [Free variables in A] : Fol_A -> X

% to the list of premises available

check_conditions(ld,[ X |Rest],Mid_begin,Mid_end,Prem ises_begin,
Premises_end,Check_trigger) :-

X = (A=>B),

1

% Check A. The values of Mid_tmp and Premises_tmp will be give n to
% B as _begin values.
% We use nocheck as these are Assumptions and need not be checled.
(is_prs(A) ->

check_prs(A,Mid_begin,Mid_tmp,Premises_begin,A_Prem ises_end,nocheck);
check_neg_prs(A,Mid_begin,Mid_tmp,Premises_begin,A_  Premises_end,nocheck)
|

% Extract the list of premises from A
append(Premises_begin,List_A,A_Premises_end),

% Check B with all the Premises and Mid from A included

% The Mid_begin values are Mid_tmp and the Premises_begin va lues are Premises_tmpa,
% both of which we got from check_prs(A,..)

% The Mid_end value is not important ( ?? )

% The Premises_end value will later be used for all-quantifi cation.
%
% If Check_trigger = nocheck then don't check B, else do check it

( is_prs(B) ->
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( Check_trigger = nocheck ->
check_prs(B,Mid_tmp,_,A_Premises_end,B_Premises_end ,nocheck);
check_prs(B,Mid_tmp,_,A_Premises_end,B_Premises_end ,check)
);
( Check_trigger = nocheck ->
check_neg_prs(B,Mid_tmp,_,A_Premises_end,B_Premises _end,nocheck);
check_neg_prs(B,Mid_tmp,_,A_Premises_end,B_Premises _end,check)

)

),

!
% Two cases:

% A : We deal with a normal assumption

% B : The user made a proof by contradiction

% The last entry in B_Premises_end determines that

( append(_,[type~relation..arity~0..name~'$false’],B _Premises_end) ->
(

% Contradiction case

% Negate Assumption and proceed

negate_formulas(List_A,Negated_A),
append(Premises_begin,Negated_A,New_Premises_begin)

)

(

% For all Formulas X in Premises_tmpb / Premises_tmp_a add

% a new over all free variables in A quantified Statement of th e form
% ! [Free variables in A] : Fol_A -> X

% to our Premises storage
append(A_Premises_end,Premises_B,B_Premises_end),
update_assumption(Premises_begin,New_Premises_begin ,List_A,Premises_B)
)

),

% Reset the Mid values to before the Assumption

% The Premises_begin becomes the New_Premises_begin whichwe got

% from the last predicate.

L

check_conditions(Id,Rest,Mid_tmp,Mid_end,New_Premis  es_begin,Premises_end,Check_trigger).

%o --mmmmmmmmne e Negation ----------------- e

% X = neg(PRS)

% Takes all premises from PRS and negates them.

% Check occurs after the negation.

check_conditions(ld,[neg(PRS) | Rest ],Mid_begin,Mid_e nd,Premises_begin,
Premises_end,Check_trigger) :-

|

% Get the Premises and Mids of PRS

% Check_trigger is nocheck as we want to prove the negates for mulas!

check_prs(PRS,Mid_begin,New_Mid_begin,Premises_begi n,Tmp_Premises_end,nocheck),

% Get the new premises and negate them
append(Premises_begin,Premises_PRS,Tmp_Premises_end),
negate_formulas(Premises_PRS,Negated_Premises_PRS),

% Check the Premises if Check_trigger = check

% otherwise just append them

( Check_trigger = check ->
fof_check(Premises_begin,Negated_Premises_PRS,Id);
true

)

append(Premises_begin,Negated_Premises_PRS,New_Prenises_begin),

% Check the rest of the conditions with New_Mid_begin and New _Premises_begin
check_conditions(ld,Rest,New_Mid_begin,Mid_end,New_  Premises_begin,Premises_end,
Check_trigger).

L e e Implication & for all/exists
% X = A==>B
% A and B both can be either a PRS or a negated PRS.
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% Find the Formulas in PRS_A and adds them as Premises. Then proceeds to check PRS_B
% with the updated premises

check_conditions(ld,[ X | Rest ],Mid_begin,Mid_end,Prem ises_begin,
Premises_end,Check_trigger) :-

X = (A==>B),
|

% Get the Premises and Mids from A

% We don't check as these are Assumptions!

( is_prs(A) ->

check_prs(A,Mid_begin,A_Mid_begin,Premises_begin,A_  Premises_end,nocheck);

check_neg_prs(A,Mid_begin,A_Mid_begin,Premises_begi n,A_Premises_end,nocheck)
1

% Check B with the updated Premises

% The Math IDs of A and B will not matter for the Rest of the proof

( is_prs(B) ->

check_prs(B,A_Mid_begin, ,A_Premises_end,B_Premises _end,Check_trigger);
check_neg_prs(B,A_Mid_begin,_,A_Premises_end,B_Prem ises_end,Check_trigger)

% Get the Formulas in A and B
append(Premises_begin,List_A,A_Premises_end),
append(A_Premises_end,List_B,B_Premises_end),

% Update the original premises:

% For each formula F in B add

% ! [Free A] : A =>F

% to the premises.

(List A=1 ->

(

% A comes from a for all statement in natural language

% We quantify over each Mref of A

A = mrefs~Mrefs_A..id~Id_A,

(atom_concat('prefix_forall',_,1d_A) ->
update_for_all(Premises_begin,New_Premises_begin,Mr  efs_A,List_B);

update_there_exists(Premises_begin,New_Premises_beg in,Mrefs_A,List_B)

)

)

% A comes from a normal Implication

update_implication(Premises_begin,New_Premises_begi n,List_A,List_B)

)

% Check the rest of the conditions with Mid_begin and New_Pre mises_begin
check_conditions(ld,Rest,Mid_begin,Mid_end,New_Prem ises_begin,Premises_end,Check_trigger).

% —-mmmmmmmmm e contradiction ----------- e

check_conditions(ld,[contradiction|Rest],Mid_begin, Mid_end,Premises_begin,
Premises_end,Check_trigger) :-

1

% Check whether we can conclude $false from the premises so fa r.

( Check_trigger = check ->
fof_check(Premises_begin,[type~relation..arity~0..n ame~'$false’],Id);
true

)

% Add [contradiction] to the premises
append(Premises_begin,[type~relation..arity~0..name ~'$false’],New_Premises_begin),

% Check the rest of the conditions with New_Premises_begin
check_conditions(ld,Rest,Mid_begin,Mid_end,New_Prem ises_begin,Premises_end,Check_trigger).

O =mmmmmmmmmmmmmmneneae Everything else ---------=--=
% Every other case

%check_conditions([_|Rest],Mid_begin,Mid_end,Premis es_begin,Premises_end) :-
% !,

% % throw error: 'Unknown condition’
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% check_conditions(Rest,Mid_begin,Mid_end,Premises_b  egin,Premises_end). % or fail?



Appendix B

The math lexicon

- module(math_lexicon,[math_lexicon/2]).

[** <module> This module contains all mathematical items wh ich math_grammar can parse
*

*

*

%% math_lexicon(?ltem:list(int), DOBSOD:gulp_list)

%

% math_lexicon lists all items and their properties which ma th_grammar can parse.
%

% ==

% math_lexicon("x",type~variable..arity~0..name~'x")

% math_lexicon("f",type~function..arity~1..name~'f")

% ==

%

% @param ltem The Name of the item as a String.

% @param DOBSOD The DOBSOD representation of the Item.

%

% Variables
math_lexicon("t",type~variable..arity~0..name~'t).
math_lexicon("u",type~variable..arity~0..name~'u’).
math_lexicon("v",type~variable..arity~0..name~'v').
math_lexicon("w",type~variable..arity~0..name~'w’).
math_lexicon("x",type~variable..arity~0..name~'x’).
math_lexicon("y",type~variable..arity~0..name~'y").

math_lexicon("z",type~variable..arity~0..name~'z’).

% Constants
math_lexicon("\u2205",type~constant..arity~0..name~ ‘emptyset’).
math_lexicon("c",type~constant..arity~0..name~'c’).

% Functions
math_lexicon("f",type~function..arity~1..name~'f).
math_lexicon("f2",type~function..arity~1..name~'f2' ).
math_lexicon("g",type~function..arity~2..name~'g’).

math_lexicon("h",type~function..arity~3..name~'h").

% Relation

math_lexicon("contradiction”,type~relation..arity~0 ..name~'$false’).
math_lexicon("Ord",type~relation..arity~1..name~'or d).
math_lexicon("Trans" ,type~relation..arity~1..name~' trans’).

math_lexicon("R",type~relation..arity~2..name~'r").

73
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math_lexicon("=",type~relation..arity~2..name~'=").

math_lexicon("\u2260",type~relation..arity~2..name~ '~=").
math_lexicon("\u2208",type~relation..arity~2..name~ in’).
math_lexicon("\u2264",type~relation..arity~2..name~ ‘leq).
math_lexicon("\u2265",type~relation..arity~2..name~ ‘geq’).
math_lexicon("\u003C" type~relation..arity~2..name~ less’).
math_lexicon("\uOO3E"type~relation..arity~2..name~ ‘greater’).

% logical symbols

math_lexicon("\u0Oac",type~logical_symbol..arity~1. .name~'~").
math_lexicon("\u2227",type~logical_symbol..arity~2. .name~'&").
math_lexicon("\u2228",type~logical_symbol..arity~2. .name~'|").
math_lexicon("\u2192",type~logical_symbol..arity~2. .name~'=>").
math_lexicon("\u2194",type~logical_symbol..arity~2. .name~'<=>"),

% quantifiers
math_lexicon("\u2200",type~quantifier..arity~2..nam e~'l").
math_lexicon("\u2203",type~quantifier..arity~2..nam e~'?").



Appendix C

The Naproche Language

<text> ::= [<open-assumption>]*,
[<definition>]*,
[<lemma> |
<theorem>]*;

<theorem> = "theorem.”,
[<definition>]*,
[<assumption>]*,
[<ext-statement>]+,
"proof.",
[<assumption> |
<ext-statement> 1*,
[<ext-statement>]+,
"ged.";

<lemma> 2= "lemma.",
[<definition>]*,
[<assumption>]*,
[<ext-statement>]+,
"proof.",
[<assumption> |
<ext-statement> 1*,
[<ext-statement>]+,

"ged."

<open-assumption> = <assumption>;

<closed-assumption> ::= <assumption>,
[<ext-statement> |
<lemma> [*,

<assumption-close>;

<definition> = "define",
<sub-statement>,
["iff* | "if and only if",
<sub-statement>.

<assumption> i= [ "assume that" |
"assume for a contradiction that" |
"let" |
"consider" ],
<simple-statement>;

<assumption-close> ::= "thus",
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<simple-statement>;

<ext-statement> == [ <uni-quant> |
<ext-quant> |
<implication> |
<negation> |
<statement> |
<closed-assumption> ]+;

<simple-statement> := [ <uni-quant> |
<ext-quant> |
<implication> |
<negation>
<sub-statement>]+;

<uni-quant> = "for all",
<variable>,

[<simple-statement>]+;

<ext-quant> = "there is an",
<variable>,
"such that",
<simple-statement>;

<implication> = <sub-statement>,
"implies”,
<sub-statement>;

<negation> = "not",
<sub-statement>;

<statement> = [ "then" |
"hence" |
"recall that" |
"but" |
"in particular" |
"observe that" |
"together we have" |
"so" ],
<sub-statement>;

<sub-statement> = A formula in the underlying first order language

<variable> = A variable of the underlying first order lang uage
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List of Abbreviations

Abbreviation Description

ATP Automated Theorem Prover

DRS Discourse Representation Structure

DRT Discourse Representation Theory

PRS Proof Representation Structure

TPTP Thousands of Problems for Theorem Provers
Dref Discourse Referent

Mref Mathematical Referent

Rref Textual Referent
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